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S U N M A R Y   
T h e  p h e n o m e n a  o f  v i s c o u s  f l o w  o v e r  t w o - d i m e n s i o n a l  
s u p e r s o n i c  a e r o f o i l s  a r e  i n v e s t i g a t e d  w i t h  a  v i e w  t o  d e v e l o p i n g  
a  m e t h o d  f o r  e s t i m a t i n g  t h e i r  e f f e c t s  o n  t h e  a e r o d y n a m i c  c h a r a c t -
e r i s t i c s  o f  t h e  a e r o f o i l s .  
I n  r e g i o n s  w h e r e  t h e  f l o w  i s  u n a f f e c t e d  b y  s h o c k  w a v e s  
a n d  w h e r e  t h e  a s s u m p t i o n s  o f  t h e  b o u n d a r y  l a y e r  t h e o r y  h o l d ,  t h e  
c o n c e p t  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s  a n d  t h e  e q u i v a l e n t  w i n g  
p r o f i l e  i s  a p p l i e d  t o  d e t e r m i n e  t h e  c h a n g e s  i n  t h e  l o c a l  p r e s s u r e  
d i s t r i b u t i o n  a n d  t h e  r e s u l t i n g  i n c r e m e n t s  o f  f o r c e  a n d  m o m e n t  
c o e f f i c i e n t s .  
	
I t  i s  f o u n d  t h a t  t h e s e  i n c r e m e n t s  v a r y  w i t h  t h e  
R e y n o l d s  n u m b e r  a p p r o x i m a t e l y  a s  R
- 7  
f o r  t h e  l a m i n a r  b o u n d a r y  
l a y e r  a n d  a s  R
- n ,  n r 0 . 2 ,  
f o r  t h e  t u r b u l e n t .  
A  d r a g - e n t r o p y  r e l a t i o n  a n d  a  l i f t  r e l a t i o n  a r e  d e r -
i v e d  f r o m  t h e  m o m e n t u m  t h e o r e m  a n d  a r e  u s e d  t o  d e m o n s t r a t e  t h e  
o v e r a l l  e f f e c t s  o f  t h e  b o u n d a r y  l a y e r  -  s h o c k  w a v e  i n t e r a c t i o n .  
L o c a l  f l o w  c o n d i t i o n s  a f f e c t e d  b y  t h i s  i n t e r a c t i o n  a r e  e x a m i n e d  
i n  d e t a i l .  O n  t h e  b a s i s  o f  a v a i l a b l e  e x p e r i m e n t a l  d a t a  a n  
e m p i r i c a l  c o r r e c t i o n  i s  s u g g e s t e d  f o r  t h e  e f f e c t s  o f  f l o w  s e p a r a -
t i o n  a t  t h e  t r a i l i n g  e d g e ,  a n d  i t  i s  f o u n d  t h a t  w i t h  t h e  l a m i n a r  
b o u n d a r y  l a y e r  t h e s e  e f f e c t s  a r e  o f  m a j o r  i m p o r t a n c e .  
	
I t  i s  
e x p e c t e d  t h a t  t h e i r  i n f l u e n c e  w i l l  d i m i n i s h  a t  h i g h  R e y n o l d s  
n u m b e r s  a n d  w i l l  b e  n e g l i g i b l e  w i t h  t u r b u l e n t  b o u n d a r y  l a y e r s .  
T h e  s u g g e s t e d  m e t h o d  o f  e s t i m a t i n g  t h e  b o u n d a r y  l a y e r  
e f f e c t s  i s  a p p l i e d  t o  t h e  p a r t i c u l a r  c a s e  o f  a  1 0  p e r  c e n t  
/ c i r c u l a r  . . .  
M E P  
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circular arc profile at M = 2.13 and R = 0,64 x 
 10 6 . 	 Com- 
parison with experiment is not conclusive, owing to the lack of 
reliable data. 
A new integral relation for laminar boundary layers in 
simple-wave flow and zero heat transfer is developed and is found 
to give good agreement with the appronimate method. of Howarth. 
A brief discussion is also given of the relative merits 
of circular arc and double-wedge profiles. 
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NOTATION 
A,B 4 O 	 functions of aerofoil dimensions and free stream 
conditions (Appendix I) 
C X' CY 
D17 
CD f 
2 
c f 	 [D o U:) 
aerodynamic coefficients of force components in 
directions x,y 
basic wave drag coefficient 
skin friction drag coefficient 
local skin friction coefficient 
CM 	 pitching moment coefficient about the leading 
edge 
f(e), g(e), in(0), i(e), ,7„9.(e), x(e), .L (e), m(e) - 
functions of simple-wave flow direction 0, 
used in boundary layer equations (Appendix I) 
8 
H = 	 ratio of boundary layer displacement thickness 
to momentum thickness 
mechanical equivalent of heat 
k 	 coefficient of conductivity of heat 
streamline curvature 
p 	 static pressure 
Ps 	 stagnation (reservoir) pressure 
(10 = 271 Po 
	 free stream dynamic head 
resultant velocity 
Uoc 
— R = 	 Reynolds number based on chord 
v
o 
Rte, R
8 	
local Reynolds numbers based on momentum and 
1 	 displacement thicknesses, respectively 
entropy 
s, n 	 curvilinear orthogonal coordinates parallel 
and normal to the aerofoil surface 
t 	 maximum thickness of aerofoil sections 
static temperature 
u, v 	 velocity components in directions x,y or 
s,n (as defined) 
free stream velocity 
rectangular Cartesian coordinates parallel and 
normal to aerofoil chord (except when otherwise 
stated) 
distance of centre of pressure from leading 
edge 
U
o 
x, Y 
x Op 
- 5 -  
Y  
t r , z r s f o r m e d  b o u n d a r y  l a y e r  c o o r d i n a t e  
( A p , : e n d i x  I )  
a  
d v  
=  t a n
- 1  
 
d x  
y  =  0  
/ b  
p  v  
6 1 3  
5
1  
a n g l e  o f  i n c i d e n c e  
s l o p e  o f  t h e  a e r o f o i l  s u r f a c e  
r a t i o  o f  s p e c i f i c  h e a t s  ( t a k e n  a s  1 . 4 )  
b o u n d a r y  l a y e r  t h i c k n e s s ,  a l s o  
d e f l e c t i o n  o f  f l o w  a c r o s s  
a n  o b l i q u e  s h o c k  
b o u n d a r y  l a y e r  t h i c k n e s s  i n  t e r m s  o f  Y  
b o u n d a r y  l a y e r  d i s p l a c e m e n t  t h i c k n e s s  
b o u n d a r y  l a y e r  m o m e n t u m  
t h i c k n e s s  
0  	
a n g l e  o f  s i m p l e - w a v e  f l o w  e x p a n s i o n  f r o m  
s o n i c  
v e l o c i t y  
0  
	
a n g u l a r  d i s t a n c e  a l o n g  s u r f a c e  o f  c i r c u l a r  a r c  
p r o f i l e  
c u r v a t u r e  
? " ‘  	
m o d i f i e d  P o h l h a u s e n  p a r a m e t e r  
c o e f f i c i e n t s  o f  v i s c o s i t y  a n d  k i n e m a t i c  v i s -
c o s i t y ,  r e s p e c t i v e l y  
P  
	
d e n s i t y  
T  =  
	
P r a n d t l  n u m b e r  ( t a k e n  a s  0 . 7 2 )  
T
w  	
s h e a r  s t r e s s  a t  t h e  w a l l  
i n c r e m e n t  o r  c h a n g e  o f  a  q u a n t i t y  
S u f f i x  o  r e f e r s  t o  f r e e  s t r e a m  c o n d i t i o n s  
1  	
m a i n  s t r e a m  c o n d i t i o n s  a t  t h e  e d g e  o f  
b o u n d a r y  l a y e r  
s  	
s t a g n a t i o n  c o n d i t i o n s  
c o n d i t i o n s  a t  i n f i n i t y  
B a r  ( )  o v e r  a  q u a n t i t y  d e n o t e s  t h a t  t h e  q u a n t i t y  i s  n o n - d i m -
s i o n a l .  
S t a n d a r d  s y m b o l s  ( C L
,  M ,  e t c . )  a r e  n o t  i n c l u d e d  i n  
t h e  a b o v e  l i s t .  A l l  o t h e r  s y m b o l s  a r e  d e f i n e d  w h e n  f i r s t  
i n t r o d u c e d .  
/ I N T R O D U C T I O N  . . .  
-6- 
1. INTRUDUCTION 
Whilst boundary layer phenomena on two-dimensional 
aerofoils in incompressible flow have been extensively studied, 
both theoretically and experimentally, little work has so far 
been done on the corresponding problem in the supersonic flow. 
This may partly be ascribed to the fact that in incompressible 
flow, a recourse to the boundary layer theory is the only means 
of estimating theoretically the drag, whereas at supersonic 
speeds the pressure or wave drag, which forms the major contribu-
tion to the total drag, is given by the inviscid flow theory and, 
as a rule, the boundary layer can be expected to have only sec-
ondary effects. 
The investigation reported here had been suggested by 
the work of Preston (refs. 1,2 and 3), which was primarily con-
cerned with changes in circulation produced by the boundary 
layer on two-dimensional aerofoils in incompressible flow. 
Briefly, Preston's method is based on G.I. Taylor's theorem that 
equal amounts of positive and negative vorticity axe discharged 
into the wake of an aerofoil. This permits the determination of 
the velocities at the trailing edge; the aerofoil is then re-
placed by a new shape displaced from the original aerofoil by the 
amount equal to the displacement thickness of the boundary layer, 
and the changes in the circulation found by determining the thick-
ness and the camber effect of the displacement thickness. The 
changes in local pressure distribution can then be found in the 
usual manner, by using the new value of the circulation. 
It would appear, at first sight, that the corresponding 
problem in the supersonic flow should be very much simpler, 
since the changes in the pressure distribution can be determined 
directly from the local changes of the direction of flow at the 
surface, produced by the boundary layer displacement thickness. 
A closer examination of the problem reveals, however, that this 
advantage is offset by the fact that on supersonic aerofoils 
there exist regions of flow where the classical boundary layer 
theory cannot be applied. 	 These are the regions in the vicinity 
of the leading and trailing edges and of the sharp shoulders of 
wedge sections, where shock waves and strong expansion waves 
interact with the boundary layer causing upstream and downstream 
diffusion of pressure through the subsonic part of the boundary 
layer and, in many cases, inducing flow separation. 
The mechanism of this interaction is not yet fully 
understood and presents a problem of such formidable complexity 
that, although in recent years it has attracted the attention of 
many research workers, only very limited progress has so far been 
/reported ... 
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r e p o r t e d  ( t h i s  i s  d i s c u s s e d  i n  m o r e  d e t a i l  i n  s e c t i o n  3 . 3 .  b e l o w ) .  
I n  t h e  m 9 j o 7 . : i t y  c f  c a s e s ,  e v e n  t h e  p o s i t i v e  r e s u l t s  a c h i e v e d  a r e  
c f  
l i t t l e  p r a c t i c a l  u s e ,  a s  o n l y  t h e  s i m p l e s t  i d e a l i s e d  f l o w  
c : m : o . e o t i o n s  h a v e  s o  f a r  p r o v e d  a m e n a b l e  t o  m a t h e m a t i c a l  t r e a t m e n t .  
C o n s e q u e n t l y ,  u n t i l  a  c o m p r e h e n s i v e  t h e o r y  f o r  t h e  b o u n d a r y  l a y e r  -  
s ' o e l , c  w a v e  i n t e r a c t i o n  i s  d e v e l o p e d ,  i t  a p p e a r s  t h a t  t h e  o n l y  
a i
T e z . o a c h  a t  o n e ' s  d i s p o s a l  o f  t h e o r e t i c a l l y  a s s e s s i n g  t h e  b o u n d -  
z y  
	 e f f e c t s  i s  a  d i s c r i m i n a t e  u s e  o f  
t h e  e x i s t i n g  b o u n d a r y  
l a y e r  t h e o r y  w h e r e  i t  i s  a p p l i c a b l e ,  c o m b i n e d  w i t h  e m p i r i c a l  o r  
s e m i - e m p i r i c a l  c o r r e c t i o n s  f o r  e f f e c t s  f o r  w h i c h  t h e r e  i s  n o  
t h e o r y  a v a i l a b l e .  
T h e  p r e s e n t  s t u d y  w a s  c a r r i e d  o u t  t o  i n v e s t i g a t e  t h e  
p o s s i b i l i t i e s  o f  s u c h  a n  a s s e s s m e n t  o n  t h e  b a s i s  o f  t h e  e x i s t i n g  
t h e o r i e s  a n d  t h e  a v a i l a b l e  e x p e r i m e n t a l  e v i d e n c e ,  T y p i c a l  f l o w  
p a t t e r n s  o b s e r v e d  i n  w i n d  t u n n e l  t e s t s  o n  t w o - d i m e n s i o n a l  s u p e r -
s o n i c  a e r o f o i l s  a r e  b r i e f l y  d i s c u s s e d  a n d  t h e  o v e r a l l  e f f e c t s  o f  
f l o w  s e p a r a t i o n  a r e  d e m o n s t r a t e d  b y  m e a n s  o f  a  d r a g - e n t r o p y  a n d  
a  l i f t  r e l a t i o n ,  d e r i v e d  f r o m  t h e  m o m e n t u m  t h e o r e m .  T h e  e f f e c t s  
o f  t h e  d i s p l a c e m e n t  o f  f l o w  b y  t h e  b o u n d a r y  l a y e r  a r e  t h e n  f o u n d ,  
n e g l e c t i n g  t h e  s h o c k  w a v e  -  b o u n d a r y  l a y e r  i n t e r a c t i o n .  T h i s  i s  
f o l l o w e d  b y  a  d e t a i l e d  e x a m i n a t i o n  o f  t h e  r e g i o n s  o f  f l o w  w h e r e  
t h i s  i n t e r a c t i o n  m a y  b e  o f  m a j o r  i m p o r t a n c e ,  Q u a l i t a t i v e  e x -
p l a n a t i o n s  o f  t h e  o b s e r v e d  p h e n o m e n a  a r e  s u g g e s t e d  a n d ,  w h e r e  
p o s s i b l e ,  q u a n t i t a t i v e  a s s e s s m e n t s  o f  t h e i r  i m p o r t a n c e  a r e  
a t t e m p t e d .  A  n e w  i n t e g r a l  r e l a t i o n  f o r  l a m i n a r  b o u n d a r y  l a y e r s  
o n  s u p e r s o n i c  a e r o f o i l s  i n  s i m p l e - w a v e  f l o w  i s  d e r i v e d  a n d  i s  
u s e d  t o  c a l c u l a t e  t h e  e f f e c t s  o f  t h e  b o u n d a r y  l a y e r  o n  t h e  f o r c e  
a n d  m o m e n t  c o e f f i c i e n t s  i n  t h e  p a r t i c u l a r  c a s e  o f  a  1 0  p e r  c e n t  
a r c  p r o f i l e  a t  t h e  M a c h  n u m b e r  o f  2 . 1 3  a n d  t h e  R e y n o l d s  n u m b e r  
o f  0 . 6 4  x  1 0
6
.  E f f e c t s  o f  s e p a r a t i o n  a r e  a c c o u n t e d  f o r  e m p i r i -
c a l l y  a n d  c o m p a r i s o n  i s  m a d e  w i t h  s o m e  e x p e r i m e n t a l  r e s u l t s .  
F i n a l l y ,  t h e  r e l a t i v e  m e r i t s  o f  v a r i o u s  a e r o f o i l  s e c t i o n s  a s  
a f f e c t e d  b y  t h e  v i s c c u s  e f f e c t s  a r e  d i s c u s s e d  b r i e f l y .  
2 .  
G E N E R A L  T H E O R E T I C A L  C O N S I D E R A T I O N S   
2 . 1 .  P r e l i m i n a r y  R e m a r k s  
T h e  d e v e l o p m e n t  o f  t e c h n i q u e s  o f  o p t i c a l  e x p l o r a t i o n  
o f  t w o - d i m e n s i o n a l  
s u p e r s o n i c  f l o w s  h a s  p r o v i d e d  a  m o s t  
a t t r a c t i v e  a n d  u s e f u l  t o o l  o f  e x p e r i m e n t a l  r e s e a r c h ,  a n d  m a d e  
i t  p o s s i b l e  t o  o b t a i n  d i r e c t l y  a  c l e a r  p i c t u r e  o f  t h e  a c t u a l  
f l o w  c o n d i t i o n s .  7 i t h  i t s  a i d ,  i t  s o o n  b e c a m e  a p p a r e n t  t h a t  
-8- 
flow patterns found in practice differ appreciably from those 
predicted by the inviscid theory. This was first conclusively 
demonstrated by Ferri in a series of tests carried out at 
Guidonia in 1939 (ref. if), on a number of two-dimensional super-
sonic aeorfoils at Mach numbers of 1.85 and 2.13. More recently, 
similar results have been obtained at the N.P.L. by Valensi and 
Pruden (ref. 5), Holder and others (refs. 6 to 9), and at the 
R.A.E. by Beastall and Pallant (ref. 10). Although the results 
of these experiments differ in minor details, they present a 
fairly coherent and consistent picture of viscous flow over two-
dimensional supersonic aerofoils. A detailed examination of 
local flow conditions is given in section 3, and at this stage 
only the general features will be discussed. 
Referring to fig.1, the diagram (a) shows the flow 
pattern over a typical supersonic aerofoil as given by the 
inviscid shock-expansion theory. The incidence of the aerofoil 
is such that on the upper surface the airstream undergoes a 
Prandtl-Meyer expansion at the leading edge, expands gradually 
along the surface and is returned to approximately the free stream 
direction by the shock wave at the trailing edge; on the lower 
surface this order is reversed - there is an attached shock wave 
at the leading edge, followed by the expansion along the surface 
and at the trailing edge. 	 In fig. 1 (b) is shown a typical 
example of the actual flow over the same aerofoil with a Laminar 
boundary layer and the Reynolds number of the order of 5 x 105 -10 6 . 
The Prandtl-Meyer expansion at the leading edge is now preceded 
by a weak shock, and that at the trailing edge followed by a 
shock where the boundary layers from the top and bottom surfaces 
join to form the wake. The most striking feature is the separa-
tion of flow occuring towards the rear of the upper surface. 
At a high Reynolds number, when the boundary layer is turbulent 
one would expect (for reasons explained later) either a complete 
absence of separation or, at least, a very much smaller separated 
region, limited to the immediate vicinity of the trailing edge 
(fig. 10). 
It is clear that these modified flow conditions result 
in a surface pressure distribution which is different from that 
determined by the inviscid theory, thus affecting the similarly 
derived aerodynamic characteristics of the aerofoil. Although 
one can account qualitatively for the flow patterns just des- 
cribed, one must await the development of the theory of viscous 
compressible flow, before a full theoretical treatment of the 
boundary layer effects can be attempted. As was already pointed 
out ... 
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o u t  i n  t h e  I n t r o d u c t i o n ,  a t  t h e  p r e s e n t  s t a g e  o n e  c a n  o n l y  a p p l y  
t h e  c l a s s i c a l  b o u n d a r y  l a y e r  t h e o r y  t o  r e g i o n s  o f  f l o w  w h e r e  t h e  
b a s i c  a s s u m p t i o n s  o f  t h e  t h e o r y  a r e  v a l i d ,  a n d  t r y  t o  e s t a b l i s h  
e m p i r i c a l  c o r r e c t i o n s  f o r  t h e  e f f e c t s  o f  s e p a r a t i o n .  	 I t  i s ,  
h o w e v e r ,  p o s s i b l e  t o  d e m o n s t r a t e  t h e  n a t u r e  o f  t h e  l a t t e r  e f f e c t s ,  
w i t h o u t  h a v i n g  t o  g o  i n t o  
- t h e i r  m e c h a n i s m .  T h i s  i s  s h o w n  i n  
t h e  n e x t  p a r a g r a p h  b y  a p p l y i n g  t h e  m o m e n t u m  t h e o r e m  t o  t h e  f l o w  
o v e r  a n  a e r o f o i l ,  w h i l s t  t h e  c h a n g e s  i n  t h e  l o c a l  f l o w  c o n d i t i o n s  
a r e  f o u n d  b y  u t i l i s i n g  t h e  c o n c e p t  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s  
a n d  o f  t h e  e f f e c t i v e  s h a p e  o f  t h e  a e r o f o i l .  
2 . 2 .  O v e r a l l  E f f e c t s  o f . . § a l I a L i o n  -  M o m e n t u m  T h e o r e m -  
T h e  d e r i v a t i o n  o f  t h e  r e s u l t s  w h i c h  f o l l o w  i s  g i v e n  i n  
d e t a i l  i n  t h e  A p p e n d i x  I I ,  a n d  o n l y  a n  o u t l i n e  o f  t h e  a r g u m e n t  
w i l l  b e  r e p e a t e d  h e r e .  
B y  a p p l y i n g  t h e  m o m e n t u m  t h e o r e m  t o  f l o w  p a s t  a  t w o -
d i m e n s i o n a l  s u p e r s o n i c  a e r o f o i l ,  t h e  c o m p o n e n t s  o f  t h e  a e r o -
d y n a m i c  f a r c e  a c t i n g  o n  t h e  a e r o f o i l  a r e  f o u n d  t o  b e  ( e q n s .  
A l l ,  	
1 . 2  	
a n d  1 . 3 ) :  
-  D  =  
L  =  
p u ( u  d y  	 v  a x )  +  
0  
p v ( u  d y  -  v  d x )  +  
C  
1 / 4 1 O  
Y x d x  
	 p  	
d y )  
 x x  
C  
e - N  
j  	
( 1 )  
	 d x  -  p  	 d y )  
y y  
	
x x  
. . . 2 . 2 . 2  
. . . 2 . 2 . 1  
w h e r e  p e r ,  p
y y
,  
 p y x  a r e  s t r e s s  c o m p o n e n t s  d e f i n e d  b y  e q n .  
A l l .  1 . 4 ,  a n d  C  i s  a  s i m p l y  c o n n e c t e d  b o u n d a r y  e n c l o s i n g  t h e  
a e r o f o i l  ( f i g .  2 a ) .  
I f  C  i s  t a k e n  a s  a  r e c t a n g u l a r  c o n t r o l  s u r f a c e  C
1  
( s h o w n  i n  f i g .  2 b ) ,  a n d  i f  i t  i s  a s s u m e d  t h a t  o n  A B ,  w h i c h  i s  
f a r  d o w n s t r e a m ,  t h e  v e l o c i t y  o f  f l o w  h a s  t h e  f r e e  s t r e a m  d i r -
e c t i o n  a n d  t h a t  t h e  s t a t i c  p r e s s u r e  i s  e q u a l  t o  t h e  f r e e  s t r e a m  
s t a t i c  p r e s s u r e ,  t h e  d r a g  c o m p o n e n t  o f  t h e  a e r o d y n a m i c  f o r c e  
b e c o m e s  
D  =  	
p u  ( u
o
. u ) d y  
	
p u ( u o - u ) d y  	
2  2   3  
w h e r e  c s o ( 1 A 7 ) - c
, *  i n d i c a t e s  i n t e g r a t i o n  f r o m  - 0
0 t o o . 0 ,  e x c l u d i n g  
t h e  w a k e .  F o r  l o w  s p e e d  f l o w  u  =  	
o u t s i d e  t h e  w a k e ,  f a r  
d o w n s t r e a m ,  a n d  
D  =  	
p u ( u
o
- u ) d y  
	 2 . 2 , 3 a  
w  
/ w h i c h  . . .  
which is the familiar expression for the profile drag at low 
speeds. Hence, the first integral in eqn. 2.2.3 must rep-
resent the wave drag in supersonic flow and we can write: 
D = D + D 
w p 
where 
D
w 
= I ou(u
o
-u)dy 
r.3 0:7 (xv)-v 
so that CD = 	 2 = 2 	 212 	 u 
u 	 u 
(1 — My/c)..2.2.4 
w 	 v4j ouo° 	 J0067)-tr2} ° 	 o r 
If we now assume that viscosity in the main stream is 
negligible and use the energy equation for zero heat transfer 
and the Prandtl number of unity, 74e can express C D in terms 
Ga 
of the increase of entropy across the aerofoil shock system, 
and we find that: 
CD  = 2 
w 
-2AS/C 	 -,nS/C 
EL [P: -(k+1)e
-6S/CP + ,./(k+1)0 - ke 
(70 
   
2 2  5 
   
13, 
where ZAs = s - so = C o 
	
log if - 2 1= increase of entropy 
—7' along a streamline, 
k = 2 	 1 y-i M  2 
0 
To gain a better insight into the nature of the variation of 
CD 
 
wish /' S, we note that to the first order in 6S 
eqn. 2.2.5 reduces to 
CD 	 C = 	 ./AS d(y/c) 	 2.2.6 
vl 	 P 4. 	
(,r) _ 
This relation is equivalent to the one given by Liepmann in 
ref. 11, but had been obtained independently, before a copy of 
Liopmann's paper became available. 
Referring again to fig.1, it will be seen that as the 
separation near the trailing edge makes the contour ABDCA the 
effective 'wave-making' contour of the aerofoil, the strength 
of the trailing edge shock wave is less than that given by the 
inviscid theory. Now, since ,n,S is approximately 
/proportional 
p r o p o r t i o n a l  t o  t h e  t h i r d  p o w e r  o f  t h e  s t a t i c  p r e s s u r e  r i s e  
a c r o s s  t h e  s h o o k ,  o n e  c a n  e x p e c t  
t h e  s e p a r a t i o n  t o  r e s u l t  i n  a  
d e c r e a s e  o f  t h e  w a v e  d r a g ,  o w i n g  t o  t h e  d e c r e a s e d  s t r e n g t h  o f  
t h e  t r a i l i n g  e d g e  s h o c k .  O n  t h e  o t h e r  h a n d ,  t h e  p r e s e n c e  o f  
a  w e a k  s h o c k  w a v e  j u s t  u p s t r e a m  o f  t h e  P r a n d t l - M e y e r  e x p a n s i o n  
a t  t h e  l e a d i n g  e d g e  w i l l  h a v e  t h e  o p p o s i t e  e f f e c t .  
	
I n  g e n e r a l ,  
t h e  l a t t e r  e f f e c t  i s  f a r  l e s s  s i g n i f i c a n t  t h a n  t h e  f o r m e r ,  a s  
t h e  i n t e r a c t i o n  o f  e x p a n s i o n  w a v e s  w i t h  t h e  s h o c k  w a v e  r e d u c e s  
i t ,  w i t h i n  a  s h o r t  d i s t a n c e  f r o m  t h e  a e r o f o i l ,  t o  l i t t l e  m o r e  
t h a n  a  M a c h  w a v e  ( t h i s  i s  d i s c u s s e d  i n  m o r e  d e t a i l  i n  p a r a .  3 . 1 .  
b e l o w ) .  
I f  t h e  m o m e n t u m  t h e o r e m  i s  n o w  a p p l i e d  t o  t h e  c o n t r o l  
s u r f a c e  C , )  
( s h o w n  i n  P i g .  2 c )  a n d  v i s c o s i t y  o u t s i d e  t h e  w a k e  
i s  n e g l e c t e d ,  t h e  l i f t  o n  t h e  a e r o f o i l  i s  g i v e n  b y  ( e q n .  A l l ,  
3 .
2
) :  
L ; -  	 p u  v  d y  	 4  d y  
A C ,  D F  	 I T  
T h e  s e c o n d  t e r m  r e p r e s e n t s  t h e  e f f e c t  o f  t h e  w a k e  a n d ,  a s  s h o w n  
i n  t h e  A p p e n d i x  I I ,  i t s  c o n t r i b u t i o n  t o  t h e  l i f t  c o e f f i c i e n t  
/  	 ,  
i s  O k R
-  
 ) ,  w h e r e  R  i s  t h e  R e y n o l d s  n u m b e r  b a s e d  o n  
t h e  a e r o -  
f o i l  c h o r d .  T h i s  i s  c l e a r l y  a  v e r y  s m a l l  q u a n t i t y  a n d  c a n  b e  
n e g l e c t e d .  H e n c e  
L  =  p u  v  d y  
1 „ )  A C ,  D F  
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T o  d e m o n s t r a t e  t h e  e f f e c t  o f  s e p a r a t i o n  i t  i s  m o r e  
c o n v e n i e n t  t o  c o n s i d e r  t h e  l i n e a r i s e d  f o r m  o f  2 . 2 . 7 ,  w h i c h  i s  
o b t a i n e d  b y  e x p r e s s i n g  p ,  u ,  a n d  v  a s  
=  p  	
p '  	
u  =  u
o  	
u '  	
v  =  v i  
w h e r e  p ' ,  u
l
,  v '  a r e  p e r t u r b a t i o n  q u a n t i t i e s  w h o s e  p r o d u c t s  
a n d  p o w e r s  h i g h e r  t h a n  1  c a n  b e  n e g l e c t e d .  E q n .  2 . 2 . 7  t h e n  
y i e l d s  
L  	
p  u
0  	
v  d y  	
. .  	 2  2   8  
A C ,  D F  
t h a t  i s ,  l i f t  i s  a p p r o x i m a t e l y  p r o p o r t i o n a l  t o  t h e  i n t e g r a l  o f  
t h e  T d o w n w a s h l  v e l o c i t y  v ' ,  t a k e n  a l o n g  a  l i n e  d o w n s t r e a m  o f  t h e  
a e r o f o i l  a n d  p e r p e n d i c u l a r  t o  t h e  f r e e  s t r e a m  d i r e c t i o n .  
R e f e r r i n g  a g a i n  t o  f i g .  1 ,  i t  w i l l  b e  s e e n  t h a t  i n  a d d i t i o n  t o  
d e c r e a s i n g  t h e  s t r e n g t h  o f  t h e  t r a i l i n g  e d g e  s h o c k  w a v e s ,  t h e  
/ s e p t a  r a t e d  
-12- 
separated flow also decreases the 'downwash' velocity above the 
upper surface, so that the lift coefficient will also be less 
than that predicted from the invisoid theory. 
Summarising, it can be stated without going into the 
mechanism of the separation at the trailing edge of a supersonic 
aerofoil, or into the details of the surface pressure distribu-
tion, that one can, in general, expect the separation to reduce 
both the lift and the wave drag. 
	 In addition, of course, there 
is also a further reduction in the total drag, namely that 
resulting from a decreased skin friction in the separated region 
where it is either zero or negligibly small. 
2.3. Effects of Boundary Layer Displacement Thickness  
2.3.1. Concept of the 'eouivalent_Ryofile' 
The fundamental concept of the boundary layer dis-
placement thickness and the 'displacement flux' is not new, but 
it is only recently that it was successfully applied by Preston 
(refs. 1 - 3) to assess boundary layer effects on two-dimensional 
aerofoils in incompressible flow. 	 In ref. 2 Preston shows in 
detail how the problem of computing the potential flow external 
to the boundary layer on an aerofoil reduces to the calculation 
of the potential flow about an 'equivalent profile' famed by 
adding the boundary layer displacement thickness, 8 1 , to the 
aerofoil; this proof is extended to compressible flow in 
ref. 13. 
In the simple-wave supersonic flow this leads to a 
particularly simple relation for the change of the local pressure 
due to the boundary layer which, in turn, permits a direct 
evaluation of changes in the force coefficients to be made. In 
the argument that follows the interaction of expansion and 
shock waves with the boundary layer is ignored, as those effects 
are dealt with separately. 
2.3.2. Aerofoils  of arbitrary sham 
Consider an aerofoil (fig.3) of arbitrary shape in a 
uniform supersonic airstream at Each number n o ; the leading 
and trailing edges are assumed to be sharp and the slopes of 
the upper and lower surfaces continuous; the incidence, a, is 
such that the leading edge shock raves are attached and the flow 
is everywhere supersonic. 	 The flow over the aerofoil outside 
the boundary layer is assumed to be irrotational and vorticity 
behind curved shocks is neglected (c. f. para. 2.6). 	 x, y are 
/Cartesian ... 
1  
C  =  
X  
q .
0  
2 . 3 . 5  
r t r i c  
p
L  
 d . )  +  
- 1 3 -  
C a r t e s i a n  c o o d i , r a t e s ,  o r i g i n  a t  t h e  l e a d i n g  e d g e  a n d  t h e  x - a x i s  
a l o n g  t h e  a e r o f o i l  c h o r d ;  
s ,  
n  a r e  c u r v i l i n e a r  o r t h o g o n a l  
c o o r d i n a t e s  
p a r a l l e l  a n d  n o r m a l  t o  t h e  a e r o f o i l  s u r f a c e ,  r e -
s p e c t i v e l y .  F  i s  t h e  r e s u l t a n t  a e r o d y n a m i c  f o r c e  o n  t h e  
a e r o f o i l ,  w i t h  c o m p o n e n t s  X  a n d  Y  p a r a l l e l  t o  t h e  x -  a n d  
y - a x e s  
r e s p e c t i v e l y .  
L i f t  a n d  d r a g  c o e f f i c i e n t s  a r e  t h e n  g i v e n  b y  
C
L  
=  C
Y  
c o s  a  -  C
x  
s i n  a  
0  =  C
Y  
 s i n  a  +  0
X  
c o s  a .  
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l e a d i n g  e d g e .  F u r t h e r ,  d e n o t i n g  b y  L  a n d  U  t h e  c o n d i t i o n s  
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N o w ,  l e t  / A p  b e  t h e  l o c a l  s t a t i c  p r e s s u r e  i n c r e m e n t  
d u e  t o  t h e  d i s p l a c e m e n t  o f  f l o w  b y  t h e  b o u n d a r y  l a y e r .  R e -
f e r r i n g  t o  f i g .  L
i . ,  
	
i s  t h e  a n g l e  b e t w e e n  t h e  t a n g e n t  t o  t h e  
a e r o f o i l  s u r f a c e  a t  a  p o i n t  P  a n d  t h a t  a t  t h e  l e  a d i n g  e d g e .  
A t  t h e  c o r r e s p o n d i n g  p o i n t  P
1  	 t h e  e d g e  o f  t h e  e q u i v a l e n t  
s u r f a c e  f o r m e d  b y  a d d i n g  t h e  b o u n d a r y  l a y e r  d i s p l a c e m e n t  t I s i c k -
n e s s ,  t h e  c o r r e s p o n d i n g  a n g l e  w i l l  b e  " j „ . 1  =  j 4 .  —  ) : /  $  
/ w h e r e  
-14- 
where X 
= tan-1 a.3 1 - a 71 
Thus, the change in the local direction of flow due to the 
presence of the boundary layer is also 
1- = as 
Now, since outside the boundary layer simple-wave flow 
is assumed 
y vi2 	 ae 
VM2 - 1 
where 0 is the flow direction measured from some fixed datum, 
so that 0 . 1,/. 	 const; de = 
Thus, we have, approximately 
2..a A 	 dp 
de LIE) 	 -de 
so that 	 615 1 	 y 	 112 55 1 
= as de 	 r-2 	 ds 
- I 
Hence, the corresponding increments in the force coefficients 
are 
LC pi, (31 ) - ,110 	 (lin Y 	 ' 	 Pu ,t,c;  
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where L'pL,u  is determined from eqn. 2. 3. 7. 
The change in the position of the centre of pressure is given by 
(301,1 	 L Cy 
- — uy .. 	 2 
3  11 
/Finally ... 
2 37 
- 1 5 - -  
F i n a l l y ,  
C y  c o s  a  -  C x  s i n  a  
2  3   1 2  
I  
/ 2 . ,  C D  = Z _ , C y  s i n  a  
+ / : ' , C x  c o s  a  ;  
I f  t h e  d i s t r i b u t i o n  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s  o v e r  
d 5 1  
t h e s u r f a c e i s k l a a m l , - - - c a n  b e  c a l c u l a t e d  a n d  w i t h  e q n s .  
d s  
2 . 3 . 7  -  2  3 . 1 2  t h e  i n c r e m e n t s  o f  t h e  f o r c e  a n d  m o m e n t  c o e f f i c i e n t s  
c a n  b e  d e t e r m i n e d .  A s  t h e  f i r s t  a p p r o x i m a t i o n  t h e  s u r f a c e  
d p  
p r e s s u r e  d i s t r i b u t i o n ,  
a  
,  
i s  t a k e n  a s  t h a t  g i v e n  b y  t h e  i n -  
v i s c i d  s h o c k - e x p a n s i o n  t h e o r y  a n d ,  s t r i c t l y  s p e a k i n g ,  o n e  s h o u l d  
t h e n  
u s e  t h e  m o d i f i e d  p r e s s u r e  d i s t r i b u t i o n  t o  r e c a l c u l a t e  t h e  
d e v e l o p m e n t  o f  t h e  
b o u n d a r y  l a y e r ,  w h i c h  w o u l d ,  i n  t u r n ,  l e a d  
t o  a  s e c o n d  a p p r o x i m a t i o n  t o  / _ ! ; p .  	 I n  p r a c t i c e ,  h o w e v e r ,  i t  i s  
f o u n d  t h a t  t h e  p r o c e s s  i s  r a p i d l y  c o n v e r g e n t  a n d  t h e  f i r s t  
a p p r o x i m a t i o n  i s  u s u a l l y  s u f f i c i e n t l y  a c c u r a t e ,  u n l e s s  t h e  r a t e  
o f  g r o w t h  o f  t h e  b o u n d a r y  l a y e r  i s  l a r g e .  
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2.3.3. Thin circular arc profiles 
In addition to the system of coordinates used for 
sections of arbitrary shape, 0, the 'angular distance' along the 
surface is introduced, such that 
s = r0 e = 
	
+ 0 BL.E. 
where r = the radius of the circular arc. 
The pressure increment ,A,p (eqn. 2.3.7) is then 
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One must remember, however, that the increments -:\C on the 
upper and lower surfaces are of the opposite sign, whilst the 
corresponding increments Z:\ C are of the same sign (c. f. fig. 4.), X A 
consequently, the resultant 	 — will tend to be much smaller 
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Flat _plate at incidence 
	
For a flatplate  	 ecin. 2.3.7 is constant 
'' M2 -1 
along the surface, and is a function of the angle of incidence 
and the free stream conditions only, so that we can write: 
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losses of the total head caused by the shock waves outside the 
wake must also be considered. 
	 Inside the wake itself, two 
effects are combined: losses of the total head due to the ro-
tational character of flow in the boundary layer, and those 
caused by shock waves, as streamlines which enter the boundary 
layer from the main stream have already suffered losses of stag-
nation pressure across the leading edge shock waves. 
Furthermore, there is the additional difficulty of 
determining what effects the trailing edge shock waves have on 
the momentum thickness and what is the variation of the momentum 
thickness between the trailing edge and infinity downstream. 
In ref. 35 the latter is assumed to be the same as for turbu-
lent wakes in incompressible flow, and a relation suggested by 
Tetervin is used to account for the effect of the shock waves. 
As the validity of these assumptions is dubious, it is believed 
more accurate to estimate the profile drag by calculating the 
skin friction drag and the change in wave drag separately from 
the local skin friction and the local changes of pressure dis-
tribution, respectively. 
2.5. Heat Transfer 
Unless otherwise stated, all the considerations of the 
present study are based on the assumption that the aerofoil 
surface is a perfect thermal insulator and no heat is trans-
ferred from the boundary layer. 
In actual fact, with Bach numbers of the order of 2 
or higher, heat transfer may be of considerable importance, 
particularly from the point of view of the stability of the 
laminar boundary layer (c.f. para.5). However, owing to the 
manner in which the coefficients of viscosity and heat transfer 
enter the boundary layer equations, the thermal and viscous 
effects are qualitatively similar and do not fundamentally 
affect the nature of the boundary layer phenomena. Consequently, 
it was considered that, for the present purpose, neglecting the 
heat transfer was justified by the resulting simplification of 
the mathematical treatment and it is hoped that quantitative 
results are no .1- unduly affected. 
2.6. Vorticiv 
Another effect which has been neglected is that of 
vorticity generated by the leading edge shock waves. When the 
surface of an aerofoil is curved, the expansion waves interact 
/with the 
- 2 1 -  
w i t h  t h e  l e a d i n g  e d g e  s h o o k  w a v e  w h i c h  i s  t h e n  c u r v e d  a n d  t h e  
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For the particular case of a 10 per cent circular arc 
profile at M0 = 2.13, the following values were obtained for the 
ratio of the pressure gradient behind the curved shock at the 
top surface, to that given by the simple-wave flow theorys 
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Thus, the simple-wave flow gives a v ery good approximation even 
at the leading edge, except when the Mach number there (M1 ) 
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approaches unity an 	
- k d 	 ---4 c---.. ' * the approximation becomes 
 .
as S.W. 
progressively better downstream, as 4 c.v.- P. 
On wedge sections, conditions at the surface are not 
affected by the vorticity, since regions where the shock waves 
become curved are well away from the surface, provided that the 
shock waves are attached. The .,hock-expansion theory is then 
an exact inviscid theory. 
3. EXAkTINAmION OF LOCAL FLOW CONDITIONS 
We now turn our attention to a more detailed examina-
tion of the local flow conditions, to which the considerations 
of the preceding section do not strictly apply. 
3.1. Conditions at the Leading Edge 
As was already mentioned in para. 2.1, the flow pat-
terns found in practice near the leading edges of supersonic 
aerofoils differ appreciably from those predicted theoretically. 
The most striking discrepancies are found in cases when, accord-
ing to the inviscid theory, the flow should undergo a Prandtl-
Meyer expansion round the sharp edge. 	 In practice, there is 
always a weak shock wave preceding the expansion and, in some 
cases, this expansion is associated with a local separation of 
/the ... 
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t h e  b o u n d a r y  l a y e r ,  f o l l o w e d  b y  a n o t h e r  w e a k  s h o c k  ( f i g s .  5 a , b , c ) .  
S u c h  p a t t e r n s  h a v e  b e e n  o b s e r v e d  i n  m a n y  e x p e r i m e n t a l  i n v e s t i -
g a t i o n s ,  t h e  d e t a i l s  o f  w h i c h  w i l l  b e  f o u n d  i n  r e f .  4 , 5 , 1 0 , 1 4 - 1 6 .  
I f  o n e  a t t e m p s  t o  e x p l a i n  t h i s  p h e n o m e n o n ,  t w o  a l t e r n -
a t i v e s  s u g g e s t  t h e m s e l v e s :  t h e  e f f e c t  o f  b l u n t n e s s  o f  t h e  l e a d -
i n g  e d g e  w h i c h ,  o f  c o u r s e ,  c a n n o t  b e  m a d e  p e r f e c t l y  s h a r p ,  o r ,  
t h e  e f f e c t  o f  t h e  i n i t i a l  h i g h  r a t e  o f  g r o w t h  o f  t h e  b o u n d a r y  
l a y e r .  	
B a r d s l e y  ( r e f .  1 6 )  c l a i m s  t h a t  t h e  f i r s t  a l t e r n a t i v e  i s  
t h e  o n l y  p o s s i b l e  e x p l a n a t i o n ,  a n d  t h a t  t h e  e x i s t e n c e  o f  t h e  
s h o o k  w a v e  c a n n o t  b e  e x p l a i n e d  b y  c o n s i d e r a t i o n s  o f  v i s c o u s  
e f f e c t s .  H i s  a r g u m e n t  i s  b a s e d .  o n  t h e  f a c t  t h a t  a t  t h e  p o i n t  
w h e r e  t h e  r a t e  o f  g r o w t h  o f  t h e  b o u n d a r y  l a y e r  d i s p l a c e m e n t  
t h i c k n e s s  i s  s u f f i c i e n t l y  h i g h  t o  c a u s e  a  c o m p r e s s i o n  o f  t h e  
s t r e a m  a t  t h e  l e a d i n g  e d g e  i n s t e a d  o f  a n  e x p a n s i o n ,  t h e  d i s p l a c e -
m e n t  t h i c k n e s s  w o u l d  b e  o f  t h e  s o m e  o r d e r  o f  m a g n i t u d e  a s  t h e  
t h i c k n e s s  o f  t h e  l e a d i n g  e d g e ,  s o  t h a t  i t s  e f f e c t  o n  t h e  f o r m a -
t i o n  o f  t h e  s h o c k  w o u l d  b e  n e g l i g i b l e  c o m p a r e d  t o  t h a t  o f  t h e  
l e a d i n g  e d g e  i t s e l f .  N o w ,  w h i l s t  i t  i s  o b v i o u s  t h a t  t h e  m e r e  
f a c t  o f  t h e  l e a d i n g  e d g e  b e i n g  b l u n t  d o e s  e x p l a i n  t h e  f o r m a t i o n  
o f  t h e  s h o c k  w a v e  w i t h o u t  a n y  c o n s i d e r a t i o n s  o f  t h e  v i s c o u s  
e f f e c t s ,  i t  i s  n o t  t r u e  t o  s a y  t h a t  t h i s  i s  t h e  o n l y  p o s s i b l e  
e x p l a n a t i o n .  	 I t  c a n  b e  s h o w n  j u s t  a s  e a s i l y  t h a t ,  w e r e  i t  p o s s -  
i b l e  t o  h a v e  a  p e r f e c t l y  s h a r p  l e a d i n g  e d g e ,  
o n e  s h o u l d  s t i l l  
e x p e c t  t h e  f o r m a t i o n  o f  a  s h o c k  w a v e  p r e c e d i n g  t h e  P r a n d t l - M e y e r  
e x p a n s i o n .  
C o n s i d e r  t h e  i d e a l i s e d  c a s e  o f  a n  
i n f i n i t e l y  t h i n  f l a t  
p l a t e  ( f i g .  
6 a ) ,  
s o  t h a t  t h e  q u e s t i o n  o f  t h e  f i n i t e  t h i c k n e s s  o f  
t h e  l e a d i n g  e d g e  d o e s  n o t  e n t e r  i n t o  t h e  a r g u m e n t .  A B C  i s  t h e  
s t r e a m l i n e  j u s t  o u t s i d e  t h e  s u r f a c e  o f  t h e  p l a t e .  A l o n g  A B  
t h e  f l o w  i s  u n i f o r m  a n d  h a s  t h e  s u p e r s o n i c  f r e e  s t r e a m  v e l o c i t y  
u .  A t  B ,  a c c o r d i n g  t o  t h e  u s u a l  b o u n d a r y  c o n d i t i o n  a t  t h e  
s u r f a c e  o f  a  b o d y  i n  a  r e a l  f l u i d ,  t h e  v e l o c i t y  i s  z e r o .  
	
I n  
a c t u a l  f a c t ,  t h e r e  w i l l  p r o b a b l y  b e  i n i t i a l l y  s o m e  s l i p  a t  t h e  
s u r f a c e ,  b u t  e v e n  s o ,  t h e  f l o w  a l o n g  A B C  w o u l d  h a v e  t o  d e c e l e r a t e  
v i o l e n t l y  a t  B  t o  r e a c h  a t  l e a s t  a  s u b s o n i c  v e l o c i t y  w i t h i n  a  
v e r y  s h o r t  d i s t a n c e  f r o m  B .  T h i s  i s  v e r y  m u c h  l i k e  t h e  c h a n g e  
t h a t  f l o w  u n d e r g o e s  i n s i d e  a  s h o c k  w a v e .  
	
I f  t h e r e  i s  t o  
b e  n o  
s h o c k  w a v e  f o r c e d ,  t h i s  p r o c e s s  w o u l d  
h a v e  
t o  o c c u r  a t  c o n s t a n t  
p r e s s u r e .  T h e  d i f f i c u l t y  o f  i m a g i n i n g  a  p r o c e s s  i n  w h i c h  a n  
a l m o s t  d i s c o n t i n u o u s  d e c r e a s e  o f  v e l o c i t y  i n  t h e  d i r e c t i o n  o f  
f l o w  i s  n o t  a s s o c i a t e d  w i t h  a  c o r r e s p o n d i n g  p r e s s u r e  i n c r e a s e ,  
i s  o b v i a t e d  i f  o n e  p o s t u l a t e s  t h e  e x i s t e n c e  o f  a  s t a g n a t i o n  
p o i n t  a t  t h e  l e a d i n g  e d g e ,  p r e c e d e d  b y  a  n o r m a l  s h o c k  ( f i g .  G b ) .  
/ T h e  
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The velocity at D (just downstream of the shock) would then be 
subsonic; from D to B the flow would be gradually compressed 
and brought to rest at the stagnation point, and the boundary 
layer would start there with a finite thickness. Outside the 
boundary layer, the flow would accelerate to sonic velocity and 
then expand to return the main stream to the required direction. 
The strong expansion waves would interact with the bow-wave, re-
ducing its strength, so that within a short distance from the 
leading edge it would become a weak compression wave. 
This qualitative argument is supported by some of the 
results of the fundamental investigation of the theory of vis-
cous compressible fluids, which is being carried out at the 
C.I.T. by Lagerstrom, Cole and Trilling (ref. 17). 
	 Since the 
existing theory of differential equations appears to be inade-
quate for the general solution of the full Navier-Stokes equa-
tions for viscous compressible fluids, the approach adopted in 
ref. 17 is to deal with the linearised form of these equations 
and to consider their application to certain idealised cases. 
So far, no complete analytic solution has been obtained even for 
the simple problem of a flat plate at zero incidence in super-
sonic flow, but general properties of the solution are fairly 
clear. It is found that transverse and longitudinal waves are 
propagated by the plate into the stream. The longitudinal waves 
are of maximum strength near the leading edge and consist of 
compression  waves followed by expansion waves. Moreover, there 
are also pressure disturbances propagated upstream even in the 
supersonic case, though they are subject to heavy exponential 
damping. The boundary layer theory applied to the Navier-Stokes 
equations accounts only for a part of the transverse wave com-
ponent, and the application of the concept of the displacement 
thickness - for some of the longitudinal  waves. Far downstream 
(on a semi-infinite flat plate), the full solution approaches 
asymptotically the boundary layer solution. 
The possibility just considered, that the viscous 
effects alone can cause the formation of a shock wave in front 
of the Prandtl-Meyer expansion round a perfectly sharp leading 
edge, though interesting in itself, is of rather academic im-
portance, as in practice no perfectly sharp leading edge can be 
made; on the other hand, it does demonstrate that even when the 
bluntness of the leading edge is the primary cause of the presence 
of the shock wave, one can still expect the boundary layer to 
have at least some important modifying effects on the flow 
pattern. 	 In particular, it hel-es to explain why a local flow 
separation just downstream of the leading edge is sometimes 
/observed 0.. 
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o b s e r v e d .  
F o r  s i m p l i c i t y  c o n s i d e r  a  l e a d i n g  e d g e  o f  a  r e g u l a r  
s h a p e  ( f i g .  5 I I a , b ) ,  w i t h  s q u a r e  c o r n e r s  a n d  o f  t h i c k n e s s  t  .  
T h e  p o s i t i o n  o f  t h e  s t a g n a t i o n  p o i n t  o n  
- td  
w i l l  d e p e n d  o n  t h e  
i n c i d e n c e ,  b u t  f o r  t h e  p r e s e n t  p u r p o s e  i t  c a n  b e  t a k e n  t o  b e  
s i t u a t e d  h a l f w a y  b e t w e e n  t h e  t w o  c o r n e r s  A  a n d  B .  T h e  b o u n d -
a r y  l a y e r  h a s  s o m e  f i n i t e  d i s p l a c e m e n t  t h i c k n e s s  a t  A  a n d  B ,  
( 6  ) !  '  s a y .  	 I f  
4 !  
i s  o f  t h e  s a m e  o r d e r  o f  m a g n i t u d e  a s  ( 6 1 ) ; ,  
1 k  
t h e  e f f e c t i v e  t h i c k n e s s  o f  t h e  l e a d i n g  e d g e  i s  c o n s i d e r a b l y  i n -
c r e a s e d  a n d  r e s u l t s  i n  t h e  f o r m a t i o n  o f  a  s t r o n g e r  s h o c k  w a v e  
t h a n  w o u l d  b e  t h e  c a s e  i f  t h e r e  w e r e  n o  b o u n d a r y  l a v e r .  F o r  
` ,  ( 8  )  	
t h i s  e f f e c t  w i l l  b e  o b v i o u s l y  n e g l i g i b l e .  	 O n  t h e  
y , e  
o t h e r  h a n d ,  w h e n  c o n d i t i o n s  a t  t h e  c o r n e r  A  o r  B  a r e  c o n s i d -
e r e d ,  i t  w i l l  b e  s e e n  t h a t  a s  o n  t h e  s u r f a c e  t h e  v e l o c i t y  o f  
f l o w  i s  z e r o ,  t h e  r e g i o n  o f  f l o w  i n  a  t h i n  l a y e r  n e x t  t o  t h e  
s u r f a c e  m u s t  h a v e  s u b s o n i c  v e l o c i t y .  
	 N o w ,  s u b s o n i c  c o m p r e s s i b l e  
f l o w  r o u n d  a  s h a r p  c o r n e r  i s  i m p o s s i b l e ,  a s  a c c o r d i n g  t o  t h e  
i n c o m p r e s s i b l e  f l o w  t h e o r y  t h e  v e l o c i t y  w o u l d  b e  i n f i n i t e  t h e r e ,  
w h i c h  i n  t u r n  i m p l i e s  t h a t  c o m p r e s s i b l e  f l o w  w o u l d  b e c o m e  s u p e r -
s o n i c .  T h u s ,  i f  t h e  f l o w  i s  t o  r e m a i n  s u b s o n i c  n e a r  t h e  s u r -
f a c e ,  a s  i t  m u s t ,  i t  h a s  t o  s e p a r a t e  a t  s o m e  d i s t a n c e  f r o m  t h e  
c o r n e r  a n d  c o n t i n u e  a l o n g  a  f i n i t e  r a d i u s  ( f i g s .  7 a , b ) .  	 P h y s i -  
c a l l y ,  t h e  s e p a r a t i o n  c a n  b e  e x p l a i n e d  a s  i n d u c e d  b y  t h e  s u c t i o n ,  
w h i c h  i s  c r e a t e d  b y  t h e  h i g h  c u r v a t u r e  o f  t h e  s t r e a m l i n e s  o f  t h e  
s u b s o n i c  f l o w  r o u n d  t h e  c o r n e r .  
T h e  e x t e n t  o f  t h e  s e p a r a t e d  r e g i o n  w i l l  b e  m u c h  s m a l l e r  
t h a n  
. e  ,  
a s  i n  i n c o m p r e s s i b l e  f l o w  t h e  r e g i o n  i n  w h i c h  t h e  
v e l o c i t y  t e n d s  t o  i n f i n i t y  i s  c o n f i n e d  t o  t h e  i m m e d i a t e  v i c i n i t y  
o f  t h e  s h a r p  c o r n e r .  H e n c e ,  w h e n  4 :  i s  o f  t h e  s a m e  o r d e r  o f  
m a g n i t u d e  a s  ( 6
1  ) V  
 o r  s m a l l e r ,  t h e  s e p a r a t i o n  w i l l  h a r d l y  i n -
f l u e n c e  t h e  o u t e r  e d g e  o f  t h e  b o u n d a r y  l a y e r  a n d  t h e  e x t e r n a l  
f l o w  ( f i g .  5 I I b ) .  	 W h e n  	 ( 3  
1  
	 ,  )  	
t h e  s i z e  o f  t h e  s e p a r a t e d  
r e g i o n  m a y  w e l l  b e  o f  t h e  s a c A e  o r d e r  a s  t h e  b o u n d a r y  l a y e r  
t h i c k n e s s ,  a n d  a  f l o w  p a t t e r n  a s  i n  f i g .  5 I I a  w o u l d  r e s u l t .  
T h e  e x t e n t  o f  t h e  s e p a r a t i o n  w i l l  a l s o  d e p e n d  o n  t h e  a m o u n t  o f  
e x p a n s i o n  t h a t  t h e  m a i n  s t r e a m  u n d e r g o e s  o u t s i d e  t h e  s e p a r a t e d  
b o u n d a r y  l a y e r .  E x p a n s i o n  t o  a  h i g h  s u p e r s o n i c  M a c h  n u m b e r  
w o u l d  c r e a t e  a  f u r t h e r  s u c t i o n  e f f e c t  a n d  e n h a n c e  s e p a r a t i o n .  
T h i s  s u g g e s t s  t h a t  t h e  b o u n d a r y  l a y e r  h a s  a  c o n s i d -
e r a b l e  i n f l u e n c e  o n  t h e  c o n d i t i o n s  n e a r  t h e  l e a d i n g  e d g e  a n d  
m a y  e x p l a i n  w h y  t h e  l o c a l  s e p a r a t i o n  h a s  b e e n  o b s e r v e d  i n  s o m e  
/ c a s e s  
-26- 
cases and not in others. 	 Thus e.g., on the wedge used by 
Bardsley, with 	 A 8 x 10-4cm, no evidence of separation was 
found, whilst Valensi and Pruden observed separation on a wedge 
which had a relatively much thicker leading edge (f; 5 x 10-3 
 cm). 
Pig. 8 shows shadowgraphs and a schlieren photograph 
taken at the N.P.L. in the course of investigations reported in 
refs. 6 and 7, and illustrating typical flow patterns near the 
blunt noses of thick flat plates. 
	
In (a), the flaw pattern 
corresponds to that described above (c.f. fig. 51Ia), but (b) 
and (c) exhibit some novel features. 
	
In (b) separation followed 
by a weak shock can be observed, though the nose of the plate is 
elliptic and there are no sharp corners; in (c) there is no 
evidence of separation, but the weak compression wave does not 
disappear. 	 It is suggested that this is probably caused by the 
high favourable pressure gradient inducing a local thinning of 
the boundary layer. That such thinning is possible, can be 
readily demonstrated for the case of the self-induced pressure 
gradient on a flat plate.- 
According to the concept of the displacement thickness, 
the flow is displaced from the surface by an angle 0, such 
d 
that 	
= 	
dx . Combining this with the Prandtl-Meyer rela- 
tion we have 
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d28, 
(i.e `3-(9 	 2 sufficiently large), dx 
is sufficiently high 
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so that at station 2 the rate of growth of the boundary layer 
is negative and a flow pattern similar to that shown in fig. 9 
/may 
m a y  r e s u l t .  I n  g e n e r a l ,  t h e  c u r v a t u r e  o f  t h e  b o u n d a r y  l a y e r  
w o u l d  h a v e  t o  b e  h i g h  t o  i n d u c e  s u f f i c i e n t l y  h i g h  p r e s s u r e  g r a d -
i e n t s ,  a n d  t h e  c o n c e p t  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s  w o u l d  n o t  
s t r i c t l y  a p p l y .  
	
H o w e v e r ,  a t  M a c h  n u m b e r s  n e a r  1  ( a s  i s  t h e  c a s e  
w i t h  f l o w  r o u n d  b l u n t  n o s e s )  f l o w  i s  v e r y  s e n s i t i v e  t o  c h a n g e s  
o f  d i r e c t i o n  a n d  h i g h  p r e s s u r e  g r a d i e n t s  c a n  b e  i n d u c e d  b y  o n l y  
s m a l l  c u r v a t u r e s .  
T o  e x p l o r e  t h i s  p o s s i b i l i t y  f u r t h e r ,  c a l c u l a t i o n s  w e r e  
m a d e  u s i n g  p r e s s u r e  d i s t r i b u t i o n s  o b t a i n e d  o n  e l l i p t i c a l  n o s e d  
f l a t  p l a t e s  a t  t h e  N . P . L .  ( f i g .  1 0 ) ,  
	
I t  w a s  a s s u m e d  t h a t  t h e  
d i r e c t i o n  o f  f l o w  a t  t h e  b o d y  s o n i c  p o i n t  w a s  t h e  s a m e  a s  t h a t  
j u s t  d o w n s t r e a m  o f  t h e  b o w - w a v e  s o n i c  p o i n t ,  a n d  t h a t  d o w n s t r e a m  
o f  t h e  b o d y  s o n i c  p o i n t  s i m p l e - w a v e  f l o w  r e l a t i o n s  h o l d .  T h e  
s l o p e  o f  t h e  e q u i v a l e n t  s u r f a c e  ( o )  
w a s  t h e n  c a l c u l a t e d  f r o m  t h e  
e x p e r i m e n t a l  p r e s s u r e  d i s t r i b u t i o n s  a n d  t h e  r a t e  o f  g r o w t h  o f  
t h e  b o u n d a r y  l a y e r  d i s p l a c e m e n t  t h i c k n e s s  f o u n d  f r o m  t h e  r e l a -
t i o n  
d 8
1  
d x  
t a n  ( 0 - 0  
i s  
.  
w h e r e  p  =  t a n
- 1  	
I
t h e  s l o p e  o f  t h e  s u r f a c e  o f  t h e  p l a t e .  
d x  
F i n a l l y ,  t h e  d e v e l o p m e n t  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s  i n  t e r m s  
o f  8
1  
a t  t h e  s o n i c  p o i n t  w a s  o b t a i n e d  b y  a  n u m e r i c a l  i n t e g r a -
t i o n  o f  t h e  a b o v e  r e l a t i o n .  A s  w i l l  b e  s e e n  f r o m  f i g .  1 0 ,  t h e  
r e s u l t '  a p p e a r s  t o  c o n f i r m  t h e  p o s s i b i l i t y  o f  t h e  t h i n n i n g  o f  t h e  
b o u n d a r y  l a y e r .  T h e  a c t u a l  n u m e r i c a l  v a l u e s  s h o u l d  n o t  b e  t a k e n  
t o o  l i t e r a l l y ,  a s  i n  c a l c u l a t i n g  t h e  f l o w  d i r e c t i o n  f r o m  t h e  
p r e s s u r e  d i s t r i b u t i o n  n o  a c c o u n t  w a s  t a k e n  o f  t h e  p o s s i b i l i t y  o f  
t r a n s v e r s e  p r e s s u r e  g r a d i e n t s  i n  t h e  b o u n d a r y  l a y e r .  
	
T h i s ,  
c o m b i n e d  w i t h  t h e  a s s u m p t i o n  o f  s i m p l e - w a v e  f l o w  p r o b a b l y  m a k e s  
t h e  t h i n n i n g  o f  t h e  b o u n d a r y  l a y e r  a p p e a r  f a r  m o r e  d r a s t i c  t h a n  
i t  a c t u a l l y  i s ,  b u t  t h e  r e s u l t  i s  b e l i e v e d  t o  b e  a t  l e a s t  q u a l -
i t a t i v e l y  c o r r e c t .  
A n  a t t e m p t  w a s  m a d e  t o  i m p r o v e  o n  t h e s e  c a l c u l a t i o n s  
b y  a p p l y i n g  t h e  m e t h o d  o f  c h a r a c t e r i s t i c s  f o r  t h e  r o t a t i o n a l  
f l o w  o n  t h e  l i n e s  s u g g e s t e d  
b y  I l e y e r  
a n d  b y  P e r r i  ( r e f e r e n c e s  
1 8  a n d  1 9 ) ,  w h i c h  i n v o l v e s  a  s o m e w h a t  c o m p l i c a t e d  i t e r a t i v e  
p r o c e d u r e .  U n f o r t u n a t e l y ,  i t  w a s  f o u n d  t h a t  o w i n g  t o  t h e  p r o x -
i m i t y  o f  t h e  s o n i c  l i n e  ( w h o s e  s h a p e  h a s  t o  b e  a s s u m e d )  t h e  i t -
e r a t i v e  p r o c e s s  i s  v e r y  s l o w l y  c o n v e r g e n t  a n d  d e p e n d s  c r i t i c a l l y  
o n  t h e  a s s u m e d  f o r m  o f  t h e  s o n i c  l i n e ,  s o  t h a t  i t s  r e s u l t s  
w o u l d  b e  o f  d o u b t f u l  a c c u r a c y ,  
/ E f f e c t  . , .  
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Effect of flow pattern at the leadin, edg on conditions down• 
stream. 
Analytic treatment of the effects so far discussed in 
this section appears to be, at present, out of reach. 	 The 
difficulties are two-fold; the boundary layer theory which is, 
of course, an asymptotic theory for high Reynolds numbers obviously 
does not apply near the leading edge, and the problem of the flow 
outside the boundary is, essentially, a transonic one, Never-
theless, if one is to assess the overall boundary layer effects 
one must try to investigate how the leading edge flow pattern 
affects the conditions downstream. 
In ref. 13 it was found that although the leading edge 
shock is, strictly speaking, detached at all angles of incidence, 
the surface pressure distribution calculated assuming an att-
ached shock or an expansion (as may be the case), shows a very 
much better agreement with experiment than that obtained by 
applying the approximate method for flow behind detached shocks 
given in ref. 20. 
To confirm this, pressure distributions were calculated 
for the wedge sections tested by Liepmann (ref. 15) and at the 
R.A.E. (ref. 10). 	 Leading edge shock angles were assumed to be 
these given by the inviscid shock-expansion theory, and allow-
ance for the boundary layer was made as indicated in para. 2,3., 
using Young's flat plate solution for laminar boundary layer 
(ref. 12). 	 Fig, 11 shows that there is a very good agreement 
between the calculated and the experimental pressure distributions 
except very near the loading edge and near the sharp shoulder, 
and that the allowance for the boundary layer displacement thick-
ness results in a definite improvement on the inviscid theory. 
It is, therefore, concluded that for the purpose of assessing 
the boundary layer effects on the surface pressure distribution, 
the shock-expansion theory should be used to determine the flow 
conditions outside the boundary layer. 
Considerations of para. 2.2. suggest, however, that 
the local increase in shock strength at the leading edge may 
have a measurab7e effect on the wave drag. Magnitude of this 
effect can be assessed by assuming that the full stagnation 
pressure behind a normal shock acts on the leading edge. This 
somewhat crude assumption is justified by the fact that for a 
supersonic aerofoil the thickness of the leading edge, though by 
necessity finite, will be very small compared with the chord 
length and the maximum thickness of the profile. The contribution 
/of the 
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3.2. Conditions at Shoulders of Wedge Sections 
Flow conditions at sharp shoulders of wedge sections 
are in many respects similar to those near the leading edge. 
Although far less experimental evidence is available, the flow 
patterns appear, in most cases, to be rather like that shown 
diagrammatically in fig. 12b. The expansion fan which theor-
etically should originate from the vertex, starts a little up-
stream of the shoulder. The boundary layer appears to thin 
immediately downstream of the shoulder, becomes concave and 
causes a local compression (also c.f. fig. 17). 
The latter effect can be explained in terms of the 
thinning of the boundary layer caused by the high negative 
pressure gradient, as in the case of flow near the leading edge 
(c.f. p. 26 above). 	 It is also suspected that there is a small 
region of local separation in the immediate vicinity of the 
vertex, for reasons stated in the preceding section (p. 25), and 
it is believed that this could be observed experimentally, if 
the flow configurations were examined on a sufficiently large 
scale. 
Experiments show that the expansion influences the 
surface pressures by diffusion of pressure through the subsonic 
part of the boundary layer. The extent of this diffusion will, 
of course, depend on the state of the boundary layer and the 
Reynolds number. 	 At Rf.:-.10.5-1.0 x 10 ° and with a laminar 
boundary layer, the region affected by the expansion is, in each 
direction, of the order of 5-10 boundary layer thicknesses just 
upstream of the shoulder (see e.g. refs. 10 and 15). 	 Two typ- 
ical examples of observed pressure distributions are given in 
fig. 11. As will be seen from the diagram 12d, the modified 
pressure distribution will have little effect on lift, but it 
may cause a noticeable reduction in wave drag. 
In addition to influencing the local surface pressures, 
the conditions at the shoulder may have important effects on 
the subsequent development of the boundary layer downstream of 
the shoulder. Until more experimental evidence is available, 
it is not possible to say on the basis of the existing theories, 
what these effects are likely to be. For the purpose of cal-
culating the boundary layer development on the aft part of a 
double-wedge profile, an acceptable assumption would be to 
consider the momentum thickness as being continuous across the 
shoulder, as a discontinuity in the momentum thickness there 
would imply, if taken literally, the existence of an infinite 
force. 
/As to 
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A s  t o  t h e  p o s s i b i l i t y  o f  t h e  s h o u l d e r  c a u s i n g  t r a n s i -
t i o n ,  t h e  l i t t l e  e x p e r i m e n t a l  e v i d e n c e  a v a i l a b l e  s e e m s  t o  i n d i -
c a t e  t h a t  t h i s  i s  n o t  t h e  c a s e .  	
I n  t h e  c o u r s e  o f  s o m e  t e s t s  
a t  t h e  N . P . L .  i t  w a s  o b s e r v e d  t h a t  t h e  s p r e a d  o f  t u r b u l e n c e  
c a u s e d  b y  a  d i s t u r b a n c e  o n  t h e  s u r f a c e  o f  a  d o u b l e - w e d g e  a e r o -
f o i l  w a s ,  i n  f a c t ,  s u p p r e s s e d  b y  t h e  e x p a n s i o n  a t  t h e  s h o u l d e r  
( f i g .  1 2 c ) .  
3 . 3 .  
C o n d i t i o n s  a t  t h e  T r a i l i n g  E d g e   
T h e  n e i g h b o u r h o o d  o f  t h e  t r a i l i n g  e d g e  o f  a  t w o - d i m e n -
s i o n a l  s u p e r s o n i c  a e r o f o i l  i s  a n o t h e r  r e g i o n  w h e r e  f l o w  c o n f i g -
u r a t i o n s  o b s e r v e d  i n  w i n d - t u n n e l  t e s t s  v e r y  o f t e n  d i f f e r  v a s t l y  
f r o m  t h o s e  p r e d i c t e d  b y  t h e  i n v i s c i d  t h e o r y .  
T h e  a c t u a l  f l o w  p a t t e r n s  d e p e n d  o n  t h e  p a r t i c u l a r  t e s t  
c o n d i t i o n s  a n d  t h e  a e r o f o i l  g e o m e t r y .  I n  g e n e r a l ,  h o w e v e r ,  a t  
l e a s t  o n e  s h o c k  w a v e  i s  f o r m e d  a t  t h e  t r a i l i n g  e d g e ,  t o  r e t u r n  
t h e  f l o w  o v e r  t h e  s u r f a c e  t o  a p p r o x i m a t e l y  t h e  f r e e  s t r e a m  d i r -
e c t i o n .  S i n c e  i n  t h e  s u b s o n i c  p a r t  o f  t h e  b o u n d a r y  l a y e r  n o  
d i s c o n t i n u i t y  o f  p r e s s u r e  c a n  o c c u r ,  t h e  p r e s s u r e  r i s e  a c r o s s  
t h e  s h o c k  i s  d i f f u s e d  u p s t r e a m .  T h i s  r e s u l t s  i n  e n  a d v e r s e  
p r e s s u r e  g r a d i e n t ,  t h e  b o u n d a r y  l a y e r  t h i c k e n s  r a p i d l y  a n d  i n  
s o m e  c a s e s  s e p a r a t i o n  o f  f l o w  o c c u r s  a t  a  p o i n t  u p s t r e a m  o f  t h e  
s h o c k .  
I n  f i g .  1 3  a r e  s h o w n  d i a g r a m m a t i c a l l y  s o m e  t y p i c a l  f l o w  
p a t t e r n s  
a s s o c i a t e d  w i t h  t h e  b o u n d a r y  l a y e r  s e p a r a t i o n .  I n  g e n -
e r a l ,  t h e  f o l l o w i n g  p o s s i b i l i t i e s  e x i s t :  
( i )  s e p a r a t i o n  o n  b o t h  s u r f a c e s ,  
( i i )  s e p a r a t i o n  o n  o n e  s u r f a c e  o n l y ,  
( i i i )  
n o  o b s e r v a b l e  s e p a r a t i o n .  
W h i c h  o f  t h e s e  p o s s i b i l i t i e s  d o e s  i n  f a c t  o c c u r ,  d e -
p e n d s  p r i m a r i l y  o n  
t h e  s h o c k  
s t r e n g t h ,  t h e  s t a t e  a n d  t h i c k n e s s  
o f  t h e  b o u n d a r y  l a y e r ,  t h e  s h a p e  o f  t h e  a e r o f o i l  c o n t o u r  n e a r  
t h e  t r a i l i n g  e d g e  a n d  -  s i n c e  t h e  f l o w  n e a r  t h e  s u r f a c e  i s  s u b -
s o n i c  -  o n  t h e  c o n d i t i o n s  a t  t h e  o t h e r  s u r f a c e .  
E f f e c t s  o f  s t a t e  o f  b o u n d a r y  l a y e r  s h o c k  E I L m s t h  a n d  p r e s s u r e  
a a 2 1 P n t  
E x p e r i m e n t s  o n  r e f l e c t i o n  o f  s h o c k  w a v e s  f r o m  b o u n d -
a r y  l a y e r s  o n  p l a n e  
s u r f a c e s  
( r e f s .  2 1  a n d  2 2 )  h a v e  i n d i c a t e d  
t h a t  w i t h  t h e  b o u n d a r y  l a y e r  l a m i n a r ,  e v e n  v e r y  
w e a k  s h o c k  w a v e s  
w i t h  p r e s s u r e  r a t i o s  o f  t h e  o r d e r  o f  1 . 0 1  c a u s e  t h e  b o u n d a r y  
l a y e r  t o  s e p a r a t e  u p s t r e a m  a n d  t h a t  i t  i s ,  i n  f a c t ,  e x t r e m e l y  
d i f f i c u l t  t o  o b t a i n  a  r e f l e c t i o n  o f  a n  i n c i d e n t  s h o c k  w i t h o u t  
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the separation taking place (c.f. rr: ,f. 21), 	 On the other hand, 
with turbulent boundary layers, shock waves of pressure ratios 
Up to 1.8 have been found to cause no separation (refs. 21 - 23)). 
In a s.ailar manner, the extent of the upstream influence shook 
waves enert through the subsonic part of a laminar boundary lay-
er is found to be roughly 10 times that for the turbulent bound-
ary layer, typical figures being 100 and 10 displacement thick-
nesses respectively. Two suggestions have been put forward by 
various writers to alqplain these different reactions - first, 
the difference in the thickness of the subsonic region of laminar 
and turbulent boundary layers, this thickness being relatively 
smaller in the case of the turbulent layer, and second - the 
difference in the velocity profiles of the two layers. The 
latter alternative appears to be more plausible, as for given 
external flow conditions, the turbulent boundary layer is much 
thicker than the laminar and their subsonic sub-layers are, in 
fact, of similar thickness. 
Towards the rear of a convex supersonic aerofoil, the 
pressure gradient is favourable and one would expect the region 
of interaction to be more restricted in size than would be the 
case with a wedge aerofoil or a flat plate. However, the greater 
the curvature of the surface near the trailing edge, the greater 
is the trailing edge angle and, consequently, the greater the 
strength of the shock wave formed there for a given incidence 
and free stream Mach nrMber, which in turn tends to increase 
the exteAt of the shock wave - boundary layer interaction. 
Similarly with a concave trailing edge the shock strength is 
reduced but the pressure gradient is adverse. Thus, these two 
effootr. are intc-roonnected and tend to cancel out, so that one 
might ,.,:i=pect the separation to be governed mainly by the angle 
of incidence and the free stream conditions. Moreover, once 
the boundary layer has separated, the actual shape of the 
trailing edge region cannot have much influence on the condi-
tions of flow there, because of the presence of a 'dead-water' 
region between the main stream and the surface of the aerofoil, 
except at smoll angles of incidence, when the dead-water region 
is small and mixing takes place. This is, of course, only a 
crude and greatly oversimplified representation of the actual 
flow conditions, but the little experimental evidence that is 
at present available seems to support it, 
In figure 11 is shown the variation of the pressure 
in the separated region with the angle of incidence. The data 
are collected from the experimental results for a 10 per cent 
circular arc profile presented in refs. and 10, and from some 
/Unpublished 
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i n  t h e  c a s e  o f  a  b i - c o n v e x  p r o f i l e  t h a n  t h a t  o f  a  d o u b l e - w e d g e ,  
w h e r e  t h e  c o m p r e s s i o n  i s  m o r e  g r a d u a l  a n d  s p r e a d  o v e r  a  l a r g e r  
d i s t a n c e .  I t  i s  t h o u g h t  t h a t  o n  a  c o n v e x  s u r f a c e  t h i s  s h o c k  
i s  t h e  i m m e d i a t e  c a u s e  o f  s e p a r a t i o n .  T h e  p r o c e s s  t h r o u g h  
w h i c h  f l o w  s t a b i l i s e s  i t s e l f  m i g h t  b e  a s  f o l l o w s .  
	 T h e  t r a i l -  
i n g  e d g e  s h o c k  i n i t i a t e s  t h e  s e p a r a t i o n  a n d  a t  t h e  p o i n t  o f  
b r e a k a w a y ,  w h e r e  t h e  b o u n d a r y  l a y e r  t u r n s  t h r o u g h  s o m e  s m a l l  
a n g l e  t o  l e a v e  t h e  s u r f a c e ,  a  w e a k  s h o c k  i s  f o r m e d .  T h i s ,  i n  
t u r n ,  i n d u c e s  f u r t h e r  s e p a r a t i o n  a n d  t h e  p o i n t  o f  b r e a k a w a y  
m o v e s  u p s t r e a m  u n t i l  i t  r e a c h e s  a  r e g i o n  w h e r e  t h e  e x t e r n a l  
p r e s s u r e  g r a d i e n t  i s  s u f f i c i e n t l y  h i g h  a n d  t h e  b o u n d a r y  l a y e r  
s u f f i c i e n t l y  t h i n  t o  p r e v e n t  a n y  f u r t h e r  s e p a r a t i o n .  
F i g .  1 5  s h o w s  t h e  v a r i a t i o n  o f  t h e  p r e s s u r e  r i s e  
a c r o s s  t h i s  s h o c k ,  f o r  t h e  1 0  p e r  c e n t  c i r c u l a r  a r c  p r o f i l e s  
r e f e r r e d  t o  a b o v e .  I t  i s  s e e n  t h a t  t h e  s t r e n g t h  o f  t h e  s h o c k  
i n c r e a s e s  b o t h  w i t h  t h e  a n g l e  o f  i n c i d e n c e  a n d  f r e e  s t r e a m  M a c h  
n u m b e r ,  b u t  i s  s u b j e c t  t o  u n k n o w n  R e y n o l d s  n u m b e r  e f f e c t s .  
A n  a t t e m p t  i s  m a d e  i n  r e f .  1 0  t o  o b t a i n  a n  
/ e m p i x i c a l  
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empirical estimate of the strength of this shock wave, and also 
of the pressure in the separated region, by considering super-
sonic flow over forward and backward facing steps, which are 
claimed to be simplified models of the flow conditions near the 
trailing edge. 	 In actual fact, there seems to be no direct 
analogy between the two problems, other than perhaps a super- 
ficial similarity in the real flow patterns. 	 If one considers 
supersonic flow past a right-angled backward facing step, the 
necessity for a separation of flow in the corner ABC arises 
even in the inviscid case, as there is an absolute maximum on 
the shock deflection e, for a given upstream Mach number, M 0. 
In addition to the limiting solution, when 0 = 0 , there is 
an infinite number of possible solutions, all satisfying the 
boundary conditions far downstream. The inviscid solution not 
being unique one is led, in trying to find a guide to the choice 
of a particular solution, to the consideration of the viscous 
effects. 	 Thus, the boundary layer cannot be said to cause 	 the 
separation of flow, which must occur in any case, but on the 
other hand it is to be expected to have a governing influence 
on the flow pattern, which is otherwise indeterminate. 	 This 
is fundamentally quite different from the phenomena occuring 
near the trailing edge, where the inviscid solution is unique 
and viscosity can only have a modifying influence. Therefore, 
it is not surprising that, as concluded in ref. 10, the flow 
over steps does not appear to have sufficient resemblance to 
the separation of flow from aerofoils. 
Pressure distributions in the separated region 
For aerofoils with either convex or concave trailing 
edges, experiments (refs. 24_ and 10) show that the pressure in 
the separated region remains approximately constant along the 
surface, between a point downstream of the separation point 
and the trailing edge (c.f. fig. 25). 	 This indicates that 
there is little mixing in the dead-water region, except per-
haps near the point of breakaway, where the static pressure is 
lower than it is downstream. 	 In fig. 16 is shown the variation 
of the extent of the separation, x s, with the angle of inci- 
dence, for the 10 per cent circular arc aerofoils. 
	
x
s 
is 
/arbitrarily ... 
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a r b i t r a r i l y  d e f i n e d  a s  t h e  d i s t a n c e  u p s t r e a m  o f  t h e  t r a i l i n g  
e d g e  
w i t h i n  w h i c h  t h e  p r e s s u r e  i s  a p p r o x i m a t e l y  c o n s t a n t .  T h e s e  
d a t a  a r e  s u b j e c t  t o  t h e  l i m i t a t i o n s  a l r e a d y  m e n t i o n e d  i n  c o n n e c -
t i o n  w i t h  f i g s .  1 4  a n d  1 5 .  
W h e n  t h e  t r a i l i n g  e d g e  i s  s t r a i g h t ,  a s  i n  t h e  c a s e  o f  
a  d o u b l e - w e d g e  p r o f i l e ,  a p p r e c i a b l e  
p r e s s u r e  
g r a d i e n t s  a r e  s o m e -
t i m e s  o b s e r v e d  i n  t h e  s e p a r a t e d  r e g i o n ,  a t  s m a l l  o r  m o d e r a t e  
a n g l e s  o f  i n c i d e n c e  ( a  t y p i c a l  e x a m p l e  o f  s u c h  a  p r e s s u r e  d i s -  
t r i b u t i o n  i s  s h o w n  i n  f i g .  1 7 ) .  
	
T h i s  i m p l i e s  t h a t  t h e r e  i s  s o m e  
c o n s i d e r a b l e  m i x i n g ,  a n d  r e v e r s e d  f l o w  i n  t h e  s e p a r a t e d  r e g i o n ,  
a n d  i t  i s  t h o u g h t  t h a t  t h i s  i s  c a u s e d  b y  t h e  p r o x i m i t y  o f  t h e  
s e p a r a t e d  j e t  t o  t h e  a e r o f o i l  s u r f a c e .  7 i t h  t h e  t r a i l i n g  e d g e  
c o n v e x  o r  c o n c a v e ,  o r  r i t h  s t r a i g h t  t r a i l i n g  e d g e s  a t  h i g h  i n c i -  
d e n c e s ,  t h e  j e t  s e p a r a t e s  c l e a r  o f  t h e  s u r f a c e  w i t h i n  a  s h o r t  
d i s t a n c e  f r o m  t h e  p o i n t  o f  b r e a k a w a y  a n d  t h e  r e v e r s e d  f l o w  i s  
l e s s  p r o n o u n c e d .  T h e r e  i s  a l s o  a  p o s s i b i l i t y  o f  t h e  s e p a r a t e d  
j e t  b e c o m i n g  t u r b u l e n t  a n d  r e - a t t a c h i n g  i t s e l f  t o  t h e  s u r f a c e  
b e f o r e  i t  r e a c h e s  t h e  t r a i l i n g  e d g e .  
I n  a d d i t i o n  t o  d e c r e a s i n g  t h e  w a v e  d r a g  a n d  l i f t ,  t h e  
p r e s s u r e  i n  t h e  d e a d - w a t e r  r e g i o n  h a s  i m p o r t a n t  e f f e c t s  o n  t h e  
c o n d i t i o n s  o n  t h e  o t h e r  s u r f a c e .  	
I f  t h i s  p r e s s u r e  i s  l o w e r  
t h a n  t h a t  j u s t  u p s t r e a m  o f  t h e  t r a i l i n g  e d g e  o n  t h e  o t h e r  s u r -
f a c e ,  a n  e x p a n s i o n  m u s t  o c c u r  t h e r e  ( a s  t h e  p r e s s u r e  i n  t h e  
d e a d - w a t e r  r e g i o n  m u s t  b e  c o n t i n u o u s ) ,  a n d  n o  s e p a r a t i o n  t a k e s  
p l a c e  o n  t h e  o t h e r  s u r f a c e ;  i f  i t  i s  h i g h e r ,  s e p a r a t i o n  i s  
l i k e l y  t o  o c c u r  o n  b o t h  s u r f a c e s .  
R e v i e w  o f  t h e o r e t i c a l  s t u d i e s   
E v e n  i n  t h e  c o m p a r a t i v e l y  s i m p l e  c a s e  o f  a n  o b l i q u e  
s h o c k  i n c i d e n t  o n  a  p l a n e  s u r f a c e ,  l i t t l e  p r o g r e s s  h a s  b e e n  
m a d e  w i t h  t h e o r e t i c a l  a n a l y s i s  o f  t h e  s h o c k  r a v e  b o u n d a r y  
l a y e r  i n t e r a c t i o n .  T h e  b a s i c  d i f f i c u l t y  d e r i v e s  f r o m  t h e  
f a c t  t h a t  s o m e  o f  t h e  f u n d a m e n t a l  a s s u m p t i o n s  o f  t h e  b o u n d a r y  
l a y e r  a n d  o f  t h e  s h o c k  w a v e  t h e o r i e s  a r e  i n c o m p a t i b l e ;  f o r  
i n s t a n c e ,  t h e  f o r m e r  a s s u m e s  c h a n g e s  o f  v e l o c i t y  a n d  p r e s s u r e  
i n  t h e  d i r e c t i o n  o f  f l o w  t o  b e  n e g l i g i b l e  c o m p a r e d  w i t h  t h o s e  
-36- 
normal to the direction of flow, whereas in the latter the re-
verse is assumed to be the case. 
	
It would appear that one has 
to use the full equations of motion of a viscous compressible 
fluid in the regions where both the boundary layer and the shock 
wave effects are important. Whilst it may be possible to dev-
elop some sort of a numerical process to solve these equations, 
such approach, apart from being of doubtful validity, would give 
no insight into the nature of the phenomena and their mechanism. 
Consequently, all the attempts at analytical treatment have so 
far been based on assumptions which are not, strictly speaking, 
justified and deal with idealised cases and flow models which 
have little immediate application to real flow problems. 
Howarth (ref. 24-) considers the reflection of com-
pression waves from the discontinuity surface between a super-
sonic stream bounded by a parallel subsonic stream and shows 
that the pressure disturbances would spread upstream through 
the subsonic field of flow. 
Tsien and Finston (ref. 25) extend this analysis to 
the case in which the subsonic stream is bounded on the other 
side by a solid surface, but neither of these investigations takes 
account of viscosity. 
Oswatitsch and Wieghardt (ref. 26) consider the inter-
action between the boundary layer and the main supersonic stream, 
by making use of the concept of the equivalent boundary defined 
by the boundary layer displacement thickness, and by satisfying 
von Kaman's momentum equation for flow within the boundary layer. 
They find that under these conditions, small pressure distur-
bances propagated along the surface grow exponentially with the 
distance along the surface in the limiting case of a vanishingly 
small pressure gradient. 
Lees (ref. 41) applies this approach to the problem 
of an oblique shock incidence on a flat plate. He uses the 
standard Pohlhausen method for laminar boundary layers, as modi-
fied by Dorodnitzyn to allow for the effects of compressibility, 
and finds that: 
(i) the pressure rise across the shock diffused up-
stream of the foot of the shock decreases exponentlally with 
the distance from the foot, 
(ii) the relaxation distance, (8 ) 
o 
, defined as 
1 
 
the distance in which the pressure rise decreases to 1/a of 
its original value, increases with the Reynolds number based 
on (5 1 ) 	 and decreases with the Mach number M o (the suffix o 0  
/refers 
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r e f e r s  t o  c o n d i t i o n s  f a r  u p s t r e a m ,  w h e r e  t h e  b o u n d a r y  l a y e r  c a n  
b e  c o n s i d e r e d  t o  b e  u n d i s t u r b e d  b y  t h e  s h o c k  w a v e ) ,  
( i i i )  f o r  
M  
> 1 . 2 5 ,  a l l  i n c i d e n t  s h o c k s  w i t h  d e f l e c -
t i o n s  g r e a t e r  t h a n  a b o u t  1
°  
w i l l  c a u s e  s e p a r a t i o n .  
N o v ' ,  w h i l s t  t h e s e  r e s u l t s  a r e ,  i n  t h e m s e l v e s ,  o f  c o n -
s i d e r a b l e  i n t e r e s t  a n d  a p p e a r  t o  a g r e e  q u a l i t a t i v e l y  w i t h  
m e n t ,  i t  i s  d o u b t f u l  w h e t h e r  t h e y  a r e  v e r y  r e l i a b l e  q u a n t i t a t i v e l y ,  
o w i n g  t o  t h e  n a t u r e  o f  t h e .  a s s u m p t i o n s  a n d  s i m p l i f i c a t i o n s  i n -
v o l v e d  i n  t h e  a n a l y s i s .  T o  b e g i n  w i t h ,  t h e  P o h l h a u s e n  a p p r o x -
i m a t i o n  i s  k n o w n  t o  g i v e  
u n r e l i a b l e  r e s u l t s  f o r  b o u n d a r y  l a y e r s  
i n  a d v e r s e  p r e s s u r e  
g r a d i e n t s  
e v e n  i n  t h e  i n c o m p r e s s i b l e  c a s e ,  
a n d  t h e r e  i s  n o  r e a s o n  t o  e x p e c t  i t  t o  b e  
a n y  
m o r e  a c c u r a t e  f o r  
c o m p r e s s i b l e  f l o w .  F u r t h e r ,  L e e s  a s s u m e s  t h a t  t h e  p r e s s u r e  
g r a d i e n t  i s  s m a l l  a n d  l i n e a r i s e s  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  
t h e  m o d i f i e d  P o h l h a u s e n  p a r a m e t e r  
1  	
d _ u
1  
o i  
2  
2  — d x  
1  - u
1  
T h i s  l i n e a r i s a t i o n  i s  a  f a i r l y  g o o d  a p p r o x i m a t i o n  f o r  0 < ( - ) 1 ) <
- 6 ,  
b u t  b e c o m e s  p r o g r e s s i v e l y  w o r s e  a s  ( - : , \ )  a p p r o a c h e s  i t s  v a l u e  o f  
1 2  ( o r  1 0 ,  a s  a r b i t r a r i l y  a s s u m e d  b y  L e e s )  a t  t h e  s e p a r a t i o n .  
I n  c o m m o n  w i t h  o t h e r  b o u n d a r y  l a y e r  m e t h o d s ,  t h e  t r a n s v e r s e  
p r e s s u r e  g r a d i e n t s  a c r o s s  t h e  b o u n d a r y  l a y e r  a r e  n e g l e c t e d ,  
t h o u g h  t h e y  m a y  h a v e  i m p o r t a n t  e f f e c t s  n e a r  t h e  p o i n t  o f  s e p a r a -
t i o n ,  w h e r e  t h e  c u r v a t u r e  o f  s t r e a m l i n e s  i s  l a r g e .  
' T h i l e  a l l  t h e s e  a p p r o x i m a t i o n s  m a y  b e  c o n c e i v a b l y  j u s t i -
f i e d  i n  t h e  c a s e  o f  a  s h o c k  w a v e  o f  m o d e r a t e  s t r e n g t h  i n c i d e n t  
o n  a  p l a n e  s u r f a c e ,  u p  t o  a  p o i n t  f a i r l y  c l o s e  t o  t h e  f o o t  o f  
t h e  w a v e ,  t h e i r  v a l i d i t y  w o u l d  b e  m o r e  t h a n  d o u b t f u l  i f  o n e  t r i e d  
t o  a p p l y  L e e s  m e t h o d ,  a s  i t  s t a n d s ,  t o  t h e  m o r e  g e n e r a l  c a s e  o f  
s t r o n g  s h o c k s  o n  c u r v e d  s u r f a c e s ,  w h e r e  e x t e r n a l  p r e s s u r e  g r a d -
i e n t s  w o u l d  b e  h i g h .  7 1 h e n  o n e  d r o p s  t h e  a s s u m p t i o n s  a s  t o  t h e  
m a g n i t u d e  o f  t h e s e  g r a d i e n t s ,  t h e  r e s u l t i n g  e q u a t i o n s  b e c o m e  
u n a n e n a b l e  t o  a n a l y t i c a l  t r e a t m e n t  a n d  a n  i t e r a t i v e  n u m e r i c a l  
p r o c e s s  b e c o m e s  n e c e s s a r y .  I t  w a s  f e l t  t h a t  s u c h  c o m p u t a t i o n s  
w o u l d  n o t  b e  j u s t i f i e d  u n t i l  L e e s '  a n a l y s i s  i s  s u p p o r t e d  b y  
e x p e r i m e n t ,  b u t  s o m e  c a l c u l a t i o n s  w e r e  m a d e  t o  t e s t  t h e  v a l i d i t y  
o f  s u c h  a  p r o c e d u r e ,  f o r  o n e  p a r t i c u l a r  c a s e  o f  a  
6  
p e r  c e n t  
d o u b l e - w e d g e  a e r o f o i l  a t  1 4
0  
=  1 . 5 7  a n d  a  =  8 °
.  F r o m  t h e  e x -
p e r i m e n t a l  p r e s s u r e  d i s t r i b u t i o n  o b t a i n e d  a t  t h e  N . P . L .  t h e  
s h a p e  o f  t h e  e q u i v a l e n t  s u r f a c e  w a s  d e d u c e d  u s i n g  t h e  p r o c e s s  
	
a l r e a d y  d e s c r i b e d  i n  p a r a .  3 . 1 ,  
	
I t  i s  s e e n  f r o m  f i g .  1 7  t h a t  
t h e  p r e s s u r e  g r a d i e n t  a t  t h e  r e a r  o f  t h e  u p p e r  s u r f a c e  i s  f a i r l y  
-38- 
high and that between the shoulder and the trailing edge the 
equivalent surface is displaced by about 2 per cent of the chord 
length. If the boundary layer were completely separated, there 
would have to be a very considerable amount of reversed flow in 
the dead-water region with speeds up to, in this case, 20 per-
cent of the free stream velocity. As such high velocities of 
the reversed flow are unlikely, it appears more reasonable to 
assume that the boundary layer was turbulent and had not separa-
ted. 	 In that case, if the equivalent surface is taken to be 
the contour of the displacement thickness, the actual boundary 
layer thickness at the trailing edge would be of the order of 
15 - 20 per cent of the chord length. This shows clearly that 
the static pressure cannot be assumed to be constant across the 
boundary layer, and that the pressure gradient outside the bound-
ary layer is probably much smaller than that indicated by the 
surface pressures. 
4.. SUGGESTED hETHOD FOR ESTIMATING BOUNDARY 12.Y ER EFFECTS 
4.1. Summary of the Method 
On the basis of the considerations described so far, 
one can attempt to devise a method for an approximate assessment 
of the boundary layer effects on the aerodynamic characteristics 
of two-dimensional supersonic aerofoils. The method suggested 
here will be restricted to aerofoils with sharp leading and 
trailing edges ('sharp' is used here in the sense 'sharpest poss-
ible') and at incidences such that the leading edge shock waves 
are attached. 
4.1.1. Theoretical pressure distribution and aerodynamic  
characteristics  
The pressure distribution on both surfaces is obtained 
from the standard shock-expansion theory, assuming simple-wave 
flow along the surface. 
The force and moment coefficients (lift, wave drag 
and pitching moment) can then be obtained from equations 2.3.1. 
to 2.3.6. by numerical or graphical integration of pressure dis-
tributions. For wedge aerofoils these are simple to calculate 
since pressures are constant along straight surfaces. For other 
shapes, the numerical integration is straightforward but some-
what tedious. In the case of circular arc profiles of maximum 
thickness up to 10 - 12 per cent of chord, it was found that 
/the pressure ... 
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t h e  p r e s s u r e  d i s t r i b u t i o n  c a n  b e  a p p r o x i m a t e d  w i t h  a  v e r y  g o o d  
a c c u r a c y  b y  a n  i n t e r p o l a t i n g  p o l y n o m i a l  o f  t h e  t h i r d  d e g r e e  a n d  
t h e  f o r c e  c o e f f i c i e n t s  c a n  t h e n  b e  e x p r e s s e d  i n  t e r m s  o f  t h e  
a n g l e  o f  i n c i d e n c e ,  t h e  l e a d i n g  e d g e  a n g l e  a n d  t h e  v a l u e s  o f  
p r e s s u r e  a t  f o u r  e q u a l l y  s p a c e d  p o i n t s  o n  t h e  s u r f a c e  ( j u s t  d o w n -
s t r e a m  o f  t h e  l e a d i n g  e d g e ,  j u s t  u p s t r e a m  o f  t h e  t r a i l i n g  e d g e  
a n d  a t  t w o  i n t e r m e d i a t e  p o i n t s ) .  T h e  d e r i v a t i o n  i s  g i v e n  i n  t h e  
A p p e n d i x  I I I  a n d  r e s u l t s  i n  t h e  f o l l o w i n g  e x p r e s s i o n s :  
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much simpler and does not cease to give results when ;\: -.1. 12 
(;,`P), is not used explicitly in that method), but owing to the 
nature of its simplifying assumptions, it cannot be expected to 
be very accurate in the case of comparatively thick aerofoils 
at high incidences. Consequently, it was decided to develop a 
new integral relation for laminar boundary layers in supersonic 
flow by adopting Young's general approach but relaxing his sim-
plifying assumptions. The resulting relations are derived in 
the Appendix I and discussed in section 4.2. 
Per turbulent boundary layers one can use e. g. one of 
the approximate methods developed by Young and Winterbottom (ref. 
31, also see ref. 13) and Tucker (ref. 32). 	 It should be noted 
that the experimental results of ref. 32 indicate that wall den-
sity used as the reference value in the relation for the shear 
stress at the wall gives better agreement with experiment than 
the main stream density at the edge of the boundary layer. 
4.1.3. Effects of the bounder laler dis nlacement thickness  
Changes in the local pressure due to the displacement 
of flow caused by the boundary layer are obtained from the dev-
elopment of the displacement thickness using eqn. 2.3.7. 
	
The 
corresponding increments of force and moment coefficients are 
computed from eqns. 2.3.8 - 2.3.12, by numerical or graphical 
integration. As very near the leading edge the rate of growth 
of the displacement thickness is, according to the boundary layer 
theory, infinite, it is suggested that the pressure increments 
are calculated from the eqn. 2.3.7. up to an arbitrary point 
downstream of the leading edge (at, say, 2 - 3 per cent chord) 
and extrapolated from there to the leading edge. 
If the local pressure increments are appreciable, it 
may be necessary to use the new pressure distribution to calcu-
late the second approximation to the boundary layer development, 
but inmost cases it will be found that the first approximation 
is sufficiently accurate. 
4.1.4. Skin friction  drab  
The total skin friction drag is obtained from eqn. 
2.42. by integrating the distribution of the local skin fric-
tion over the aerofoil. 	 It should be noted that here again 
one is faced with a singularity at the leading edge, where 
f,--4 w. Now, on a flat plate with a laminar boundary layer 
f 	 , where x is the distance downstream of the leading Nix 
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Men the boundary layer is assumed to be turbulent, 
(e.g. at flight Reynolds numbers), the effects of separation can 
be altogether neglected, since even if separation does occur, 
its extent would generally be limited to the immediate vicinity 
of the trailing edge. 
Nett values of the force and moment coefficients are 
then obtained by summing the various increments: 
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4.2. New InteRral Relation for Laminar Boundary  Layers in 
Supersonic Simple-7ave Flow and  Zero Heat Transfer 
 
The method of derivation of the new relation is essen-
tially an extension of Young's approach (ref. 28) and a comprom-
ise between his approximate method and that of Howarth (ref. 27). 
As in both these methods, use is made of the fact that when the 
Prandtl number is unity and ' = 1 in the relation 
the velocity distribution in the laminar boundary - layer with zero 
heat transfer is independent of the ilach number, if expressed 
as a function of Y, where 
i ti 
	
Y 
	
an 	 4 2 1 
The velocity distribution is expressed in the standard Pohlhausen 
approximation (eqn. A.1.2.2.) and, following Young,:: relation 
is obtained between the local skin friction at the wall and the 
momentum thickness: 
1 u 
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P1 Ill 
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where 	 f = 	 and m = — 
11 1 
However, at this point Young assumes that m, f and also 
1 H = 	 are constant along the surface and functions only of the 
free stream conditions; in Howarth's analogue of Pohlhausen's 
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c o n d i t i o n s  a t  t h e  e d g e  
o f  t h e  b o u n d a r y  l a y e r  a n d  o f  t h e  b o u n d a r y  
l a y e r  t h i c k n e s s  i n  t e r m s  o f  Y ,  w h e r e a s  i n  t h e  p r e s e n t  m e t h o d  
t h e y  a r e  a s s u m e d  t o  b e  u n i q u e  b u t  a r b i t r a r y  f u n c t i o n s  o f  t h e  
l o c a l  m a i n  s t r e a m  c o n d i t i o n s  o n l y .  T h e n ,  f o r  t h e  c a s e  o f  s u p e r -
s o n i c  s i m p l e - w a v e  f l o w  
P  
5  	
,  	
8 ,  
=  f ( e )  ;  	
=  m ( 0 )  ;  H  =  
r 1  
=  k ( e )  . . . . . . 4 . 2 . 3 .  
w h e r e  0  i s  t h e  d i r e c t i o n  o f  f l o w  a t  t h e  e d g e  o f  
t h e  b o u n d a r y  
l a y e r ,  m e a s u r e d  f r o m  s o m e  d a t u m  
d i r e c t i o n  ( t a k e n  a s  0  =  0  a t  
=  1 ) .  
v o n  K a r m a n ' s  m o m e n t u m  , q u a t i o n  t h e n  b e c o m e s  
a e  	 o ' ° )  
 
4 . 2 . 1 4 .  
 
2  	
a e  
w h e r e  q - 1  =  	
2  a n d  Y  =  	 =  c u r v a t u r e  o f  t h e  s u r f a c e ,  
a n d  
	
-  1  ,  
	
-  a s  
j ( 0 ) ,  k ( 0 )  a r e  f u n c t i o n s  o f  t h o  l o c a l  m a i n  s t r e a m  c o n d i t i o n s  
d e f i n e d  i n  e q n .  
T h i s  e q u a t i o n  c a n  b e  e i t h e r  s o l v e d  b y  a  s t e p - b y - s t e p  
p r o c e s s ,  o r  i n t e g r a t e d  d i r e c t l y  t o  y i e l d  
n e  
1  
i ( e ) d e  	
n o  
	
I  
	
j ( e ) d e  
4 ) 8
1 2  
	 P e i  	
?  
I  	
. 1 c ( 0 ) -  e  
e L  
	
d e  	
4   2 . 5  
Y  0 1 ,  
I n  t h e  c a s e  o f  a  c i r c u l a r  a r c  p r o f i l e ,  t h i s  i n t e g r a l  
a s s u m e s  a  p a r t i c u l a r l y  s i m p l e  f o r m :  
=  A  J  ( 0
1  
 ) , / K ( 0
1
)  - . K ( e
)  
1 5 '   
. n • • • • • • • • •
n •  
w h i l s t  t h e  d i s p l a c e m e n t  t h i c k n e s s  a n d  t h e  s k i n  f r i c t i o n  a r e  
g i v e n  b y  
[  	 =  
 
4  2   7  
 
1  
v r  
c
f  	
T  
=  B . 1 4 ( 0 ) •  • i ;
. -
- 1 -  C J I ( 0 )  
=  o  U
2  
0  0  
 
4  2  
 8  
 
  
' , . • • • • • • n n n • • • n • 1 1 . • • • • n • n • n  
  
    
/ w h e r e  
P - 1  
-244- 
where A, B and C (defined 1.n eqn. A.I.3.4a and 3.8a) depend on 
the aerofoil dimensions and the free stream conditions and are 
constant along the surface; J, K, L and are unique functions 
of 6 only, defined in eqns. A.I. 3.7a and 3.8a. 
Once these functions have been com -puted and tabulated 
for a range of 6, the calculation of the boundary layer devel-
opment in a particular case then involves only the determination 
of the quantities A, B and C and the use of tables to find the 
appropriate values of J, K, L and M, for the required points on 
the surface. 
For the present purpose it was assumed that the varia-
8 * 
and — tion of 4 , P1 
	
8 1 
with the local Mach number, :1 is the N, 
  
same as for a flat plate at zero incidence with the corresponding 
free stream Mach number M c = M. Young's flat plate solution 
(refs. 12, 31) was used, so that 
H 	 = k(6) = 2.59 (1 + 0.277 Mi2 ) 
9.072 
	 1 + C. 365 (y-1 )o-2 M.t1
i-1( 1-Go) 
poo 	
1:.1 l. Mg 
with co = 8/9, 
	
= 0.72 and y = 
The variation of these functions and also of 3, rE, 
K, L and 11 with 0 is shown in fig. 18, and their values 
are tabulated in table I. 
Fig. 19 shows a comparison of the results of the pres-
ent method vrith those obtained by the methods of Tiowarth lE and 
Young, for the momentum and the displacement thickness on the 
lower surface of a 1C per cent circular arc aerofoil, with 
M
o 
= 2.13 and R = 0.64 x 10 6: It will be seen that the devel-
opment of the displacement thickness calculated from eqn. 
compares better with Howarth's method, than does that obtained 
by using Young's method; the agreement is not so good in the 
case of the momentum thickness, but even there the discrepancies 
are generally less than about 5 per cent. 
The obvious 
functions of >1 used in Howarth's Enthod are tabulated in 
table II for the range of 'A from 0 to 11.5. 
- 4 5  -  
T h e  o b v i o u s  a d v a n t a g e  o f  t h e  n e w  r e l a t i o n  i s  t h e  m i n i -
m u m  a m o u n t  o f  l a b o u r  i n v o l v e d  i n  c o m p u t i n g  a n d  t h e  e a s e  w i t h  
w h i c h  
& 1  ,  1 . 1
'  a n d  c ,  c a n  b e  o b t a i n e d  a t  d i s c r e t e  p o i n t s  o n  t h e  
s u r f a c e  o f  a  c i r c u l a r  a r c  p r o f i l e .  
T h e  m e t h o d  c a n  b e  e a s i l y  a d a p t e d  t o  o t h e r  f e r n s  o f  r e -  
8 d s  
l a t i o n s  f o r  H ,  	
a n d  —  ,  p r o v i d e d  t h e y  a r e  u n i q u e l y  d e t e r -  
m i n e d  b y  t h e  l o c a l  f l o w  c o n d i t i o n s .  T h i s  a l l o w s  t h e  p o s s i b i l i t y  
o f  u s i n g  e m p i r i c a l  r e l a t i o n s  f o r  t h e  f u n c t i o n s  f ,  n  a n d  h ,  s h o u l d  
s u c h  r e l a t i o n s  b e  f o u n d  t o  g i v e  b e t t o r  a g r e e m e n t  w i t h  e x p e r i m e n t .  
4 . 3 .  a r o a r i s o n  w i t h  E x p e r i m e n t ;  D i s c u s s i o n  o f  R e s u l t s .  
T h e  m e t h o d  o f  e s t i m a t i n g  t h e  b o u n d a r y  l a y e r  e f f e c t s ,  
s u g g e s t e d  i n  p a r a .  4 . . 1 . ,  w a s  a p p l i e d  t o  t h e  p a r t i c u l a r  c a s e  o f  a  
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i n c r e a s e s  a l m o s t  l i n e a r l y  w i t h  t h e  i n c i d e n c e  a n d  s o  d o e s  i t s  r a t e  
o f  g r o w t h .  A t  a s  =  1 0 °
,  t h e  v a l u e s  o f  8
1  
o n  t h e  t o p  s u r f a c e  
a r e  n e a r l y  t w i c e  a s  l a r g e  a s  t h o s e  a t  t h e  c o r r e s p o n d i n g  p o i n t s  
o n  t h e  b o t t o m  s u r f a c e .  
T h e  r e s u l t i n g  i n c r e m e n t s  o f  t h e  l o c a l  p r e s s u r e  v a r y  
o n l y  l i t t l e  w i t h  i n c i d e n c e  f o r  x / c - . 0 . 4  ( f i g .  2 1 ) ,  b u t  t o w a r d s  
t h e  l e a d i n g  e d g e  i n c r e a s e  f a i r l y  r a p i d l y  w i t h  i n c r e a s i n g  i n c i -
d e n c e .  
T h e  l o c a l  s k i n  f r i c t i o n  ( f i g .  2 2 )  i s  s e e n  t o  d e c r e a s e  
w i t h  i n c r e a s e  o f  t h e  l o c a l  H a c h  n u m b e r ,  b u t  t h e  r a t e  o f  v a r i a -
t i o n  i s  s m a l l .  
4 . . 3 . 2 .  E f f e c t s  o f  d i s p l a c e m e n t  t h i c k n e s s  o n  f o r c e  a n d  
m o m e n t  c o e f f i c i e n t s   
T h e  i n c r e m e n t s  o f  l i f t  a n d  w a v e  d r a g  c o e f f i c i e n t s  d u e  
t o  t h e  d i s p l a c e m e n t  o f  f l o w  b y  t h e  b o u n c 9 a r y  l a y e r  a r e .  -  
-4.6- 
a 	
Oo 
4 8°10° 
,000581 1H.000641 01).,7 1 .000486 .000528 
6,01, 0 x.00029 .00047 .00054 
The increments of pitching moment coefficient and the movement 
of the centre of pressure are negligible I 0(10 -5 }] 
r:hen expressed as percentages of the theoretical values 
.LX 
" L 
of the coefficients, --- 
	 and 	 -Iv are found to decrease with 
DW 
incidence (fig. 23a) and are of the order of 0.2 per cent and 
1 per cent respectively. 
3 . 3 . •   Skin friction drag 4,-  
The total skin friction drag is found to be practically 
independent of the incidence, the values of 0D being.- 
f 
a 0° 4° 
8o o 	 1 10 	 1 
--4 
,
H1 
.00461 .00460 .00460 .00466 
i 
It is of interest to note, that in ref. 13 the value of 0 D for 
f 
the same section at the same Mach number find a = 0 °, obtained by 
Young's method, is 0.00465. 
4.3.4. Effects of separation 
These effects were estimated from the empirical data 
of figs. 14 - 16, as suggested in para. 4.1.5. 
	
The changes in 
force and moment coefficients are given in table III(c), and are 
plotted in fig. 23(b) as percentages of the corresponding theor-
etical values of the coefficients. 
It will be seen that the effects of separation are 
most marked in the case of the pitching moment, whose value is 
reduced by as much as 26 per cent at a = 4°, falling to just 
under 14 per cent at a = 10 ° . 
The lift coefficient is reduced by amounts varying 
from 12 per cent at a = 4° to 7 per cent at a = 10° . 	 The re- 
duction in the wave drag varies only little with incidence and 
is of the order of 10 per cent. 
Separation also results in a forward shift of the 
centre of pressure position, varying from 6.5 per cent chord at 
a = 40 to 3.2 per cent chord at a = 10 o 
The ... 
- 4 7 -  
T h e  d e c r e a s e  o f  s k i n  
f r i c t i o n  d r a g  w a s  e s t i m a t e d  a s  
4 . 4  p e r  
c e n t  a t  a  =  0
°  
r i s i n g  t o  9 . 2  p e r  c e n t  a t  a  =  1 0
0 .  
1 + . 3 . 5 .  C o r n  a r i s o n  w i t h  e x  e r i m e n t  
T h e  M a c h  n u m b e r  a n d  R e y n o l d s  
n u m b e r  w e r e  c h o s e n  s o  
t h a t  t h e  a b o v e  r e s u l t s  c a n  b e  c o m p a r e d  d i r e c t l y  w i t h  t h e  e x p e r i -
m e n t a l  r e s u l t s  o b t a i n e d  b y  
F e r r i  ( r e f .  
4 ) .  	
T h e  f i n a l  c a l c u l a -  
t e d  v a l u e s  o f  t h e  a e r o d y n a m i c  c o e f f i c i e n t s  a r e  g i v e n  i n  t a b l e  
I I I ( d ) ,  t o g e t h e r  w i t h  t h e  t h e o r e t i c a l  v a l u e s  o b t a i n e d  f r o m  t h e  
i n v i s c i d  s h o c k - e x p a n s i o n  t h e o r y  ( t a b l e  I I I a )  a n d  t h e  a v e r a g e d  
r e s u l t s  o f  P e r r i ' s  e x p e r i m e n t s  ( t a b l e  I l l e ) ;  t h e y  a r e  a l s o  s h o w n  
p l o t t e d  i n  f i g .  2 4 .  
T h e  i n v i s c i d  s h o c k - e x p a n s i o n  t h e o r y  a p p e a r s  t o  b e  
i n  
v e r y  p o o r  a g r e e m e n t  w i t h  t h e  e x p e r i m e n t .  T h e  g r e a t e s t  d i s c r e p -
a n c i e s  o c c u r  i n  t h e  l i f t  a n d  m o m e n t  c o e f f i c i e n t s  a n d  t h e  L A )  
r a t i o .  A t  a  =  1 0 ° ,  t h e  t h e o r e t i c a l  v a l u e s  o f  C  C
M  
a n d  L / D  
a r e  r e s p e c t i v e l y  1 9  p e r  c e n t ,  
3 0  p e r  c e n t ,  a n d  1 7  
p e r  
c e n t  h i g h e r  
t h a n  t h e  e x p e r i m e n t a l  v a l u e s  d e t e r m i n e d  b y  f o r c e  m e a s u r e m e n t s .  
T a k i n g  a c c o u n t  o f  t h e  b o u n d a r y  l a y e r  e f f e c t s ,  r e d u c e s  t h e s e  d i f f -  
e r e n c e s  t o  1 1  p e r  c e n t ,  1 2  p e r  
c e n t  a n d  1 2  p e r  c e n t ,  r e s p e c t i v e l y ,  
w h i c h  a r e  s t i l l  v e r y  c o n s i d e r a b l e  a m o u n t s .  
I t  i s  n o t  k n o w n  w h a t  
i s  t h e  p r o b a b l e  e x p e r i m e n t a l  e r r o r ,  b u t  s c a t t e r  o f  t h e  e x p e r i -
m e n t a l  p o i n t s  i s  l a r g e  a n d  s o m e  o f  t h e  n u m e r i c a l  r e s u l t s  a r e  q u o -
t e d ,  i n  r e f .  
4 ,  t o  
t w o  f i g u r e s  o n l y .  F u r t h e r ,  t h e r e  a r e  l a r g e  
d i s c r e p a n c i e s  b e t w e e n  t h e  l i f t  a n d  m o m e n t  
c o e f f i c i e n t s  o b t a i n e d  
f r o m  i n t e g r a t i o n  o f  t h e  p r e s s u r e  d i s t r i b u t i o n s  a n d  t h o s e  d e t e r -
m i n e d  f r o m  f o r c e  m e a s u r e m e n t s  ( s e e  t a b l e  I V a )  ( t h e  v a l u e s  o f  d r a g  
c a n n o t  b e  s o  c o m p a r e d ,  a s  C D  
c a l c u l a t e d  
f r o m  t h e  p r e s s u r e  d i s -
t r i b u t i o n s  o b v i o u s l y  d o e s  n o t  i n c l u d e  t h e  s k i n  f r i c t i o n  d r a g ) .  
T h e r e f o r e ,  i t  i s  s u g g e s t e d  t h a t  t h e  f o r c e  m e a s u r e m e n t s  i n  r e f .  
4  
a r e  
s u b j e c t  t o  s e r i o u s  
e x p e r i m e n t a l  e r r o r .  M o r e o v e r ,  t h e r e  i s  
a l s o  s o m e  d o u b t  a s  t o  t h e  
p r e c i s e  g e o m e t r i c a l  c h a r a c t e r i s t i c s  
o f  t h e  
a e r o f o i l  t e s t e d .  
	 I t  i s  s t a t e d  i n  r e f .  4  
t h a t  t h e  d i m -  
e n s i o n s  o f  t h e  1 0  p e r  c e n t  c i r c u l a r  a r c  p r o f i l e  
w e r e :  6 0  m m  
c h o r d ,  
6  
m m  
m a x i m u m  t h i c k n e s s ,  1 5 0  m m  r a d i u s  o f  c u r v a t u r e  a n d  
2 2 °
4 0 '  l e a d i n g  e d g e  a n g l e .  T a k i n g  t h e  c h o r d  l e n g t h  
a s  t h e  
d a t u m  d i m e n s i o n ,  t h e  
c o r r e c t  
v a l u e  o f  t h e  r a d i u s  o f  c u r v a t u r e  
i s  1 5 1 . 5  
m m  a n d  t h e  c o r r e c t  l e a d i n g  e d g e  a n g l e  i s  2 2
° 5 0 ' .  
T h o u g h  p e r h a p s  n o t  v e r y  s i g n i f i c a n t ,  t h e s e  d i f f e r e n c e s  c a s t  
d o u b t  o n  t h e  a c c u r a c y  o f  t h e  o t h e r  e x p e r i m e n t a l  d a t a .  I t  w i l l  
a l s o  b e  s e e n  f r o m  t a b l e  l V b  
t h a t  
n u m e r i c a l  v a l u e s  o f  t h e  p i t c h -
i n g  m o m e n t  c o e f f i c i e n t  a t  p o s i t i v e  a n g l e s  o f  i n c i d e n c e  a r e  c o n -
s i s t e n t l y  h i g h e r  t h a n  t h o s e  a t  t h e  c o r r e s p o n d i n g  n e g a t i v e  i n c i -  
d e n c e s ,  w h i c h  i n d i c a t e s  t h a t  e i t h e r  t h e  a e r o f o i l  w a s  n o t  e x a c t l y  
/ s y m m e t r i c a l  . . .  
symmetrical, or that the distribution of flow in the tunnel work-
ing-section was not uniform. 
This view is supported by the comparison of lift coeff-
icients and one typical example of pressure distributions obtain-
ed by Ferri for the 10 per cent circular arc profile at DI = 1.85 
(R = 0.72 x 10 6 ), with those given in ref. 10 for the sane pro-
file at M = 1.86 OR = 0.66 x 10 6 ) - fig. 25. 	 The slight differ- 
ences in the pressure distribution cannot possibly account for 
the large difference in the lift coefficients for the two cases, 
which is some 24 per cent at a = 6 0, so that Ferri's force measure-
ments again appear to be in error. The differences in the pres-
sure distributions, though only small, can be explained by neither 
the slightly different Each numbers, nor by the boundary layer 
effects, but can be accounted for by asymmetry of the aerofoil, or 
non-uniformity of flow in the working-section. 
Results of ref. 10 appear to be far more reliable, but 
unfortunately they were not available until after the present 
calculations had been completed for the Mach number of 2.13. An 
attempt was made to interpolate some of the results for M = 1.85 
and M = 2.48 to E = 2.13, assuming that C L and ( CD 
w6 =0 
are proportional 	 As can be seen from fig. 24 and 
\IM2 - 1 
table V, the agreement with the corresponding calculated values 
is very good. However, it should be noted that the results of 
ref. 10 may be subject to a certain amount of error, owing to the 
fact that 0L and CD wore calculated from the pressure distrib-
utions, which were extrapolated over some 20 per cent of chord. 
4.3.6. Assessment of the Method 
The method suggested here cannot be properly assessed 
until reliable experimental data are available, comprising both 
pressure and force measurements. 
	 The obviously weak point of 
the present method, as it stands, is the empirical correction 
for separation based on inadequate data, but here again the 
fault lies with the lack of comprehensive experimental results. 
Tith the laminar boundary layer, the effects of sep-
aration arc of much greater importance than the effects of the 
displacement thickness, but with the turbulent boundary layer, 
when separation is unlikely to occur, the latter effects become 
predominant and the method should give a reasonable estimate of 
the viscous effects. 
5 .  S O L E  
N O T E S  O N  C H O I C E  O F  
A E R O F O I L  S E C T I O N S  
F O R - S U P E R S O N I C  
 
P I N G S  
5 . 1 .  I n v i s c i d  C h a r a c t e r i s t i c s  
A c c o r d i n g  t o  t h e  t w o - d i m e n s i o n a l  i n v i s c i d  t h e o r y ,  a  
s y m m e t r i c a l  d o u b l e - w e d g e  s e c t i o n  h a s  a  l o w e r  w a v e  d r a g  c o e f f i c -
i e n t  t h a n  s e c t i o n s  o f  a n y  
o t h e r  s h a p e  a t  
t h e  s a m e  M a c h  n u m b e r  a n d  
w i t h  t h e  s a m e  m a x i m u m  t / c  r a t i o .  H o w e v e r ,  s i n c e  t h e  m i n i m u m  l i m -
i t  o n  t h e  t h i c k n e s s  
o f  
a  w i n g  i s  g o v e r n e d  b y  c o n s i d e r a t i o n s  o f  t h e  
s t r u c t u r a l  s t r e n g t h  a n d  o f  s t o r a g e  c a p a c i t y ,  d r a g  i n  
t e r m s  o f  t h e  
c r o s s - s e c t i o n  a r e a  o r  t h e  2 n d  m o m e n t  o f  a r e a  ( i n  t h e  c a s e  o f  t h i n  
s o l i d  w i n g s )  
r a t h e r  
t h a n  i n  t e r m s  o f  t h e  t / c  r a t i o  i s  a  m o r e  a p p -
r o p r i a t e  c r i t e r i o n  f o r  c o m p a r i n g  d r a g  p r o p e r t i e s  o f  v a r i o u s  w i n g  
s e c t i o n s .  
D e t e r m i n a t i o n  o f  t h e  o p t i m u m  s h a p e  o f  s e c t i o n  u s i n g  t h e  
s h o c k - e x p a n s i o n  t h e o r y  c a n n o t ,  u n f o r t u n a t e l y ,  b e  c a r r i e d  o u t  a n a l -
y t i c a l l y .  H o w e v e r ,  t h e  l i n e a r i s e d  t h e o r y  i s  a m e n a b l e  t o  a n a l y t -
i c a l  t r e a t m e n t  a n d  w h i l s t  i t s  r e s u l t s  c a n n o t  b e  c l a i m e d  t o  b e  
v e r y  
a c c u r a t e ,  i t  a f f o r d s  a t  l e a s t  a  q u a l i t a t i v e  g u i d e  t o  t h e  r e l a t i v e  
m e r i t s  o f  
v a r i o u s  
a e r o f o i l  s e c t i o n s .  
U s i n g  t h e  l i n e a r  t h e o r y ,  
i t  
c a n  b e  s h o w n  q u i t e  s i m p l y  
b y  t h e  c a l c u l u s  o f  v a r i a t i o n s  t h a t  t h e  s e c t i o n  h a v i n g  t h e  l e a s t  
w a v e  d r a g  f o r  a  g i v e n  c r o s s - s e c t i o n  a r e a  i s  c o m p o s e d  o f  t w o  
s y m m e t r i c a l  p a r a b o l i c  a r c s .  N o w ,  w i t h i n  t h e  a p p r o x i m a t i o n s  o f  
t h e  l i n e a r i s e d  t h e o r y  t h e  w a v e  d r a g  o f  t h e  p a r a b o l i c  p r o f i l e  i s  
e x a c t l y  t h e  s a m e  a s  t h a t  o f  a  c i r c u l a r  a r c  p r o f i l e  o f  t h e  s a m e  
t / c  r a t i o ,  s i n c e  t h e  
e q u a t i o n s  
o f  t h e  t w o  p r o f i l e s  a r e  i d e n t i s a l  
t o  t h e  f i r s t  o r d e r  i n  y / c .  
T h e  t a b l e  b e l o w  s h o w s  s o m e  f i r s t  o r d e r  e s t i m a t e s  o f  t h e  
w a v e  d r a g  c o e f f i c i e n t s  o f  s y m m e t r i c a l  p a r a b o l i c  a n d  c i r c u l a r  a r c  
p r o f i l e s  a s  c o m p a r e d  w i t h  t h e  s y m m e t r i c a l  d o u b l e  w e d g e  o f  e q u a l  
t h i c k n e s s / c h o r d  r a t i o ,  c r o s s - s e c t i o n  a r e a  o r  2 n d  m o m e n t  o f  a r e a :  
C
D  
C . A .  	
P . A .  
f o r  
e q u a l  t / e ,  
e q u a l  a r e a  
e q u a l  2 n d  m o m e n t  
C
D  
D . W .  
a  =  0
0  
1 . 3 3  
0 . 7 5 0  
0 . 8 9 2  
=  1 0
°  
1 . 0 7  
0 . 8 9 7  
0 . 9 5 0  
T h e  d r a g  o f  t h e  d o u b l e - w e d g e  c a n  o f  c o u r s e ,  b e  f u r t h e r  
r e d u c e d  w i t h o u t  a l t e r i n g  t h e  s e c t i o n  a r e a  o r  i t s  2 n d  m o m e n t  b y  
m o v i n g  t h e  p o i n t  o f  m a x i m u m  t h i c k n e s s  b e y o n d  t h e  m i d - c h o r d .  
/ M o r e o v e r ,  . . .  
Moreover, for a more accurate comparison the shock-expansion 
theory should be used, and the above ratios will then also de-
pend on the Mach number. Nevertheless, even the simple example 
considered here shows that when the structural strength is the 
primary consideration, the circular arc profile may be expected 
to offer a wave drag saving as compared with the corresponding 
double wedge profile. 
5.2. Effects of Aerofoil Shape on Stability of Laminar  
Boundary Lalrer 
A further important factor which should be considered 
is that of the viscous effects from the point of view of the 
stability of the laminar bovndary layer. The recent work of 
Lees (ref. 33), shows that favcurable pressure gradients may 
have important stabilising effects at Mach numbers up to about 2. 
Fig, 27 (adapted from ref. 33) shows the stability lim-
it in terms of the minimum critical Reynolds number based on the 
displacement thickness, for a 6 per cent circular arc profile at 
M = 1.5 and zero incidence, for a range of Reynolds numbers 
based on the chord length. 	 It is seen that with R 3 5 x 10
5 
there is a region of instability near the leading edge, the size 
of which increases with R
o
. Fig. 26 shows the corresponding 
limits for a 6 per cent double-wedge section at the same Mach 
number and incidence (the values of R, 	 were obtained from 
'crit 
ref. 3), calculated assuming the momentum thickness to be con-
tinuous at the shoulder. The boundary layer is almost complete-
ly unstable even at R o = 5 x 10 5 . 
Whilst the considerations of stability cannot deter-
mine the probable position of the transition point, it is clear 
that transition is more likely to occur when the boundary layer 
is unstable than when it is completely stabilised. 	 In fig. 28a 
is shown a comparison of the wave and skin friction drag coeff-
icients of the two aerofoils for various transition positions. 
Transition was assumed to occur suddenly and the skin friction 
drag calculated by integrating the local skin friction coeff-
icient along the surface, neglecting the effect of the trailing 
edge shock waves. Assuming that transition occurs at a point 
where R8 	 = n(7115 , the values of CD 	 CD obtained 
Grit
or -oz. 
/wedge. • • • 
\or 	 ,, min 
with n = 4 and n = 12 are shown in fig. 28b. It will be 
observed that with R
o 
between 10 6 and 107 the drag of the 
circular arc is only slightly higher than that of the double- 
w e d g e .  
S i m i l a r  c a l c u l a t i o n s  f o r  a e r o f o i l s  a t  o t h e r  M a c h  n u m -
b e r s  h a d  b e e n  c a r r i e d  o u t  i n  r e f .  
3 5 ,  
b e f o r e  L e e s  c o m p l e t e d  h i s  
a n a l y s i s  f o r  t h e  e f f e c t s  o f  p r e s s u r e  g r a d i e n t s  o n  s t a b i l i t y  o f  
t h e  l a m i n a r  b o u n d a r y  l a y e r ,  a n d  a p p e a r  t o  i n d i c a t e  t h a t  a t  
h i  =  1 . 6  t h e  d r a g  o f  t h e  c i r c u l a r  a r c  p r o f i l e  c a n  a c t u a l l y  b e  l e s s  
t h a n  t h a t  o f  t h e  d o u b l e - w e d g e  o f  t h e  s a m e  t h i c k n e s s .  
A t  M a c h  n u m b e r s  h i g h e r  t h a n  2 ,  t h e  e f f e c t  o f  a e r o d y n -
a m i c  h e a t i n g  b e c o m e s  p r e d o m i n a n t  ( c . f .  r e f .  
3 3 )  
 a n d  c a n c e l s  o u t  
t h e  e f f e c t  o f  t h e  f a v o u r a b l e  p r e s s u r e  g r a d i e n t ,  h e n c e  t h e  c i r c u -
l a r  a r c  p r o f i l e  n o  l o n g e r  h a s  t h e  a d v a n t a g e  o v e r  t h e  d o u b l e - w e d g e  
o n  t h e  g r o u n d s  o f  s t a b i l i t y  o f  t h e  b o u n d a r y  l a y e r .  A s  s u g g e s t e d  
b y  L e e s ,  w i t h d r a w a l  o f  h e a t  f r o m  t h e  s u r f a c e  m a y  h e l p  t o  r e s t o r e  
t h e  s t a b i l i s i n g  e f f e c t s  o f  t h e  f a v o u r a b l e  p r e s s u r e  g r a d i e n t s .  
5 . 3 .  
E f f e c t s  o f  S e p a r a t i o n  
F r o m  t h e  p o i n t  o f  v i e w  o f  s e p a r a t i o n ,  t h , r e  i s  l i t t l e  
t o  c h o o s e  b e t w e e n  t h e  v a r i o u s  p r o f i l e s ,  a s  w i t h  t h e  b o u n d a r y  
l a y e r  l a m i n a r ,  s e p a r a t i o n  i s  j u s t  a s  l i k e l y  t o  o c c u r  i n  o n e  c a s e  
a s  i n  a n o t h e r  ( c . f .  p a r a .  
3 . 3 .
0  
p a g e  3 2 ) .  	
E f f e c t s  o f  s e p a r a -  
t i o n  a r e  n o t  s e r i o u s  i n  t h e  c a s e  o f  p l a i n  w i n g s ,  s i n c e  l o s s  o f  
l i f t  i s  a s s o c i a t e d  w i t h  a  d e c r e a s e  o f  d r a g ,  b u t  m a y  c a u s e  d i s -
a s t r o u s  l o s s e s  o f  c o n t r o l  e f f e c t i v e n e s s .  A n  o b v i o u s  m e t h o d  o f  
p r e v e n t i n g  o r  l i m i t i n g  s e p a r a t i o n  a t  l o w  R e y n o l d s  n u m b e r s  i s  t o  
i n d u c e  t u r b u l e n t  f l o w  o v e r  t h e  r e a r  p a r t  o f  t h e  w i n g ,  b u t  t h i s  
w o u l d  r e s u l t  i n  a  s e r i o u s  i n c r e a s e  o f  d r a g .  A n  a l t e r n a t i v e  
m i g h t  b e  t o  h a v e  b l u n t  t r a i l i n g  e d g e s ,  i n  w h i c h  c a s e  t h e  s h o c k  
w a v e s  w o u l d  m o v e  d o w n s t r e a m  o f  t h e  t r a i l i n g  e d g e  a n d  w o u l d  b e  
p r e c e d e d  b y  e x p a n s i o n s ,  w h i c h  
m a y  s u p p r e s s  s e p a r a t i o n .  T h i s  
a g a i n  w o u l d  r e s u l t  i n  a n  i n -  
c r e a s e d  d r a g ,  c a u s e d  b y  a  s u c t i o n  
f o r c e  o n  t h e  b l u n t  e d g e .  
5 .  
L .  C o n c l u d i n g  R e m a r k s   
T h e  a b o v e  c o n s i d e r a t i o n s  a r e  o n l y  t e n t a t i v e  a n d ,  i n  
a n y  c a s e ,  c o n c e r n  o n l y  t w o - d i m e n s i o n a l  a e r o f o i l s .  O n  f i n i t e  
w i n g s  t h e  p h e n o m e n a  d i s c u s s e d  m a y  b e  e v e n  q u a l i t a t i v e l y  d i f f e r -
e n t .  M u c h  e x p e r i m e n t a l  a n d  t h e o r e t i c a l  r e s e a r c h  i s  n e e d e d ,  
b e f o r e  i t  i s  p o s s i b l e  t o  s a y  w i t h  a n y  d e g r e e  o f  c e r t a i n t y ,  w h a t  
a e r o f o i l  s e c t i o n s  s h o u l d  b e  u s e d  f o r  s u p e r s o n i c  w i n g s  i n  a n y  
p a r t i c u l a r  c a s e .  
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6. SOME SUGGESTIONS FOR EXTERIMENTAL RESEARCH 
As there seems to be little hope of a complete theory 
of the shock wave - boundary layer interactions being developed 
in the immediate future, there is need for a systematic experi-
mental investigation of this phenomenon, particularly as it 
affects the conditions at the trailing edges of supersonic aero-
foils. It is believed essential to explore as fully as possible 
the scale effects, as it is reasonable to expect that at high 
Reynolds numbers the effects of separation at the trailing edge 
may well become of minor importance only. In the first instance, 
such experiments should be limited to two or three representative 
aerofoil sections tested over a wide range of Mach numbers, 
Reynolds numbers and the angle of incidence. It is thought that 
interferometry would prove very useful in exploring regions of 
flow, where static pressure measurements are difficult or im-
possible. Force measurements should also be made, both as a 
check on the pressure and optical measurements and as a means of 
determining the total drag. 
7. CONCLUSIONS  
Experiments show that real flow patterns Observed on 
two-dimensional supersonic aerofoils differ appreciably from those 
predicted by inviscid theory. 
The most striking discrepancies are found near the 
trailing edges, where separation of flow is often Observed. This 
separation is caused by the interaction of the trailing edge shock 
waves with the boundary layer and, on general grounds, it can be 
shown to result in a loss of lift and a decrease of wave drag. 
Examination of available experimental results shows that the 
pressure in the separated region and the extent of separation are 
mainly functions of the angle of incidence and of the free stream 
static pressure; the effect of the Mach number appears to be 
negligible. The scale effects are not known, but it can be 
expected that at high Reynolds numbers and with turbulent bound-
ary layers, the effects of separation should be of only minor 
importance. 
At the leading edges, at incidences when according 
to the inviscid theory the flow should undergo a simple Prandtl-
Meyer expansion, a weak shock wave is always observed. Though 
the bluntness of the leading edge appears to be the primary 
cause of the formation of the shock wave, the viscous effects 
have at least an important modifying influence and, in the case 
of appreciably thick leading edges, may result in a local sep-
aration of flow. The effect of the flow pattern at the leading 
/edge on ... 
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e d g e  o n  t h e  p r e s s u r e  d i s t r i b u t i o n  
d o w n s t r e a m  i s  b e l i e v e d  t o  b e  
n e g l i g i b l e  a n d ,  a s  c a l c u l a t i o n s  s h o w ,  i s  c o n f i n e d  t o  t h e  f i r s t  
f e w  p e r  c e n t  o f  t h e  c h o r d  l e n g t h .  
A t  s h a r p  s h o u l d e r s  o f  w e d g e  s e c t i o n s ,  t h e  f l o w  p a t t -
e r n s  o b s e r v e d  a r e  f o u n d  t o  b e  f u n d a m e n t a l l y  s i m i l a r  t o  t h o s e  a t  
t h e  l e a d i n g  e d g e .  
	
I t  i s  b e l i e v e d  t h a t  a  
v e r y  s m a l l  r e g i o n  o f  
l o c a l l y  s e p a r a t e d  f l o w  e x i s t s  
a t  t h e  s h a r p  
c o r n e r .  T h e  s u r f a c e  
p r e s s u r e  d i s t r i b u t i o n s  a r e  a f f e c t e d  b y  t h e  d i f f u s i o n  o f  p r e s s u r e  
t h r o u g h  t h e  s u b s o n i c  p a r t  o f  t h e  b o u n d a r y  l a y e r  w i t h i n  a  d i s -
t a n c e  o f  t h e  o r d e r  o f  5  -  
1 0  b o u n d a r y  l a y e r  t h i c k n e s s e s  f r o m  t h e  
s h o u l d e r .  
I n  t h e  r e g i o n s  o f  f l a x  w h i c h  a r e  u n a f f e c t e d  b y  s h o c k  
w a v e s  
b o u n d a r y  
l a y e r  e f f e c t s  c a n  b e  e s t i m a t e d  b y  a p p l y i n g  t h e  
c o n c e p t  o f  t h e  e q u i v a l e n t  p r o f i l e ,  f o r m e d  b y  t h e  a d d i t i o n  o f  t h e  
b o u n d a r y  l a y e r  d i s p l a c e m e n t  t h i c k n e s s  t o  t h e  c o n t o u r  o f  t h e  
a e r o f o i l ,  a n d  b y  c o m p u t i n g  t h e  p o t e n t i a l  f l o w  r o u n d  t h e  n e w  s h a p e  
( u s i n g  t h e  s t a n d a r d  s h o c k - e x p a n s i o n  t h e o r y ) .  	
T h e  r e l a t i v e  
i n c r e m e n t s  o f  l i f t  a n d  w a v e  d r a g  c o e f f i c i e n t s  a r e  f o u n d  t o  b e  o f  
8  
 e
1 \  
t h e  o r d e r  o f  
	 (  	 a n d  v a r y  a p p r o x i m a t e l y  a s  1 / 4 1 R
o  
f o r  
\ - / T . E .  
t h e  l a m i n a r  b o u n d a r y  l a y e r ,  a n d  a s  1 4 2
n  
f o r  t h e  t u r b u l e n t  
b o u n d a r y  l a y e r ,  w h e r e  n  =  0 ( 0 . 2 ) .  T h e  l i f t  i n c r e m e n t  i s  g e n -
e r a l l y  p o s i t i v e ,  b u t  t h e  d r a g  i n c r e m e n t  m a y  b e  n e g a t i v e  i f  t h e r e  
i s  t r a n s i t i o n  o c c u r i n g  n e a r  t h e  p o i n t  o f  t h e  m a x i m u m  t h i c k n e s s .  
I n  t h e  a b s e n c e  o f  a  g e n e r a l  t h e o r y  o f  t h e  s h o c k  w a v e  -
b o u n d a r y  l a y e r  i n t e r a c t i o n ,  t h e  e f f e c t s  o f  s e p a r a t i o n  o f  f l o w  
h a v e  t o  b e  a l l o w e d  f o r  e m p i r i c a l l y ,  o n  t h e  b a s i s  o f  t h e  a v a i l a b l e  
e x p e r i m e n t a l  d a t a .  
F o r  t h e  p a r t i c u l a r  c a s e  o f  a  1 0  p e r  c e n t  c i r c u l a r  a r c  
p r o f i l e  a t  M  =  2 . 1 3  a n d  R o  
=  0 . 6 4  x  1 0
G  
w i t h  a  l a m i n a r  b o u n d -
a r y  l a y e r ,  i t  i s  f o u n d  t h a t  t h e  e f f e c t s  o f  s e p a r a t i o n  a r e  f a r  
m o r e  i m p o r t a n t  t h a n  t h o s e  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s .  A t  
a  =  1 0 °  
t h e  s e p a r a t i o n  r e s u l t s  i n  a  r e d u c t i o n  o f  C
L ,  
C
M  
a n d  
C
D  
o f  a p p r o x .  
7  
p e r  c e n t ,  1 4  p e r  c e n t  a n d  8  p e r  c e n t  r e s p e c -  
w  
t i v e l y ,  w i t h  a  f o r w a r d  s h i f t  o f  t h e  c e n t r e  o f  p r e s s u r e  o f  
6 . 5  
p e r  c e n t  c h o r d .  T h e  d i s p l a c e m e n t  o f  f l o w  b y  t h e  b o u n d a r y  
l a y e r  i n c r e a s e s  C D  
b y  a m o u n t s  o f  t h e  o r d e r  o f  1  p e r  c e n t ,  
i t i  
w h i l s t  t h e  i n c r e m e n t s  o f  t h e  l i f t  c o e f f i c i e n t  a r e  o n l y  o f  t h e  
o r d e r  o f  0 . 2  p e r  c e n t .  
	
T h e  s k i n  f r i c t i o n  d r a g  c o e f f i c i e n t  i s  
0 . 0 0 4 6 1  a t  a ,  =  0 °  
a n d  i s  p r a c t i c a l l y  i n d e p e n d e n t  o f  t h e  a n g l e  
o f  i n c i d e n c e .  T h e  c a l c u l a t e d  n e t t  v a l u e s  o f  t h e  a e r o d y n a m i c  
c o e f f i c i e n t s  a p p e a r  t o  b e  i n  p o o r  a g r e e m e n t  w i t h  t h e  e x p e r i m e n t a l  
r e s u l t s  o f  F e r r i  ( r e f .  
4 ) .  	
I t  i s  b e l i e v e d  t h a t  t h o s e  r e s u l t s  
a r e  s u b j e c t  t o  s e r i o u s  e x p e r i m e n t a l  e r r o r ,  a s  t h e y  e x h i b i t  a  
/ n u m b e r  . . .  
number of inconsistencies. 	 Interpolation of sane of the results 
obtained at the R.A.E. (ref. 10) gives a good agreement with the 
present calculations. 
A short examination of the relative merits of super-
sonic aerofoil sections indicated that there is a real possib-
ility of the total drag of a double-wedge profile being higher 
than that of a circular arc profile of the same maximum thick-
ness to chord ratio, owing to the stabilising effect of the 
favourable pressure gradients on the laminar boundary layer at 
low supersonic Itiach numbers (<2) and moderate Reynolds numbers 
(106 - 5 x 107 ). 
The new integral relation for laminar boundary layers 
in supersonic simple-wave flow with zero heat transfer is found 
to give results in good agreement with those obtained by the 
approximate method of Howarth. 
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A F F E ' N D I X  I  
A  N E T  I N T E G R A L   R E L A T I O N  F O R  L A M I N A R  B O U N D A R Y  L A Y E R S  O N  T W O - D D I E E z
.  
 S I O N A L  C Y L I N D E R S  I N  S M I T E - W A V E  S U P E R S O N I C  F L O W  W I T H  Z E R O  B E A T   
T R A M S  E R  
1 .  
B o u n d a r y _ T a y e r  E q u a t i o n s  
W i t h  t h e  u s u a l  a p p r o x i m a t i o n s  o f  t h e  l a m i n a r  b o u n d a r y  
l a y e r  t h e o r y  t h e  
e q u a t i o n s  o f  m o t i o n  a r e  ( r e f .  1 2 ) . -  
	
d u  	
G U  
8  i  
a u \  
P u  d s  +  P  v  -c r n :  
0  -  
-  8 n  
d s  
( p u )  	
67 -n -  ( p v )  c  0  
1 . 3  i s  t h e  e q u a t i o n  o f  c o n t i n u i t y  a n d  i s  e x a c t .  	
v o n  K a m a n ' s  
m o m e n t u m  e q u a t i o n  i s  
u  
+  ( H 4 - 2 )  -  	
=  -  
2  
	
u
1  	
P L , .  
	
P i  u
i  
w h e r e  d a s h e s  d e n o t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  s ,  t h e  
s u f f i x  1  r e f e r s  t o  t h e  m a i n  s t r e a m  c o n d i t i o n s  a t  t h e  e d g e  o f  t h e  
b o u n d a r y  l a y e r ,  a n d  
u  
s s  
	
=  !  
2 1 1 - -  ( 1  	
d o  t h e  m o m e n t u m  t h i c k n e s s  
•  
P 1  u l  	
u
l l i  
u o  
( , . y . „ )  
8  	 I  	
p u  	
d n ,  t h e  d i s p l a c e m e n t  t h i c k n e s s ,  
	
1 -  !  	
c l u v  
a u  
n  
T  =  
  
v a n 4 1 . 0  
=  v a l u e  o f  t h e  l o c a l  s k i n  f r i c t i o n  a t  t h e  s u r f a c e ,  
a n d  s , n  a r e  c o o r d i n a t e s  p a r a l l e l  a n d  n o r m a l  t o  t h e  s u r f a c e .  
2 .  
D e v e l o p m e n t  o f  t h e  
k e t h o d  
W e  
t r a n s f o r m  t h e  c o o r d i n a t e  n  t o  Y ,  w h e r e  
Y  	 —  
N o w ,  w h e n  
w  1  i n  t h e  r e l a t i o n  p c : , : T
w  
a n d  
t h e  P r a n d t l  n u m b e r  i s  u n i t y ,  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  
l a m i n a r  . . .  
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z 
. 
- 	 u. 	 ('Y \ 	 i Y 	 /y \ -' 	 Y 24' 
	
— u1 
	 i —.0 
 f + 	 — - + a-  —1 + a, --- w = — :.. 
	
1 	 8 	 2 	 * l 6 t 	 _5 1 	 *1 	 i- k 6 4s) 
. 	 / \ / 
= a1 11 	 a9 T1 2 + a_ 11 3 	 a1  114 
 
  2. 
where 8 * is the boundary l ayer thickness in terms of Y, and 
n = Y/6 * 
The boundary conditions are 
- 2- 
W 
- 	 w 
= 1, aw = 
on 
= 0 at 71 = 1 
4 
aT w = 0, 	 = 0 (no heat transfer) at n = 0 
	 ••2•3• 
2- 
= A, at 1 = 0 a w 
, 	 du ') 	 2E Frcm 1.1 
	
= 	 = - 	 l o u u 
an 	 an/ 1n=0 	 as 	 .1 
_ but from 2.1. 77 - 	 , ana 	 = 0 by the second eqn. 2.3. 
n 	 P. 1 	 . 'n=0 
2- w 	 *2 hence 2.4. yields 	 9 = - 8 	 u , 3,11 - 	 P 1 	
P.1 
where pw is the value of t at n = 0, 
2 
r i 
Using the boundary conditions 2.3. to solve 2.2. for the coeff-
icients 'a', we have 
a1 = 2 + 	 ; a 2 	 3 
' • 	 • 
The skin friction at the wall is, by definition 
au ! 
7-- 
w = w on 
, n=0 
/hence 
laminar boundary layer is independent of the Mach number, if 
expressed as a function of Y. Hence, using the standard 
Pohlhausen velocity distribution for incompressible flow, we 
have 
r. 
2 
so that 	 = 	 p 1 25 
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h e n c e  
[ 1 1 1 1
1  1  
a ;  	 1 1 1 2
1  
-  
d o  	 ,  
8  	 \  	 6  
t i  
b y  
2 . 2 .  a n d  
2 . 6 .  
a n d  
t i j y  	
P  
 
p  u
*  	
4 .  - 6 - )  
p 1  
 
1 2 2  1  
1  1  
o r ,  s u b s t i t u t i n g  f o r  
1  1 1 W  1  0  
2 P . 1  
V g "  	 3  	
1  
2  	
u  	 +  p u  , ±  
a 1  
	 1  	
1  1  
P 1  " 1  
6 *  	
5
1  
W e  s h a l l  n o w  a s s u m e  t h a t  t h e  r a t i o s  - 7 -  ,  H  =  - 7  a n d  
P w  
—  a r e  f u n c t i o n s  o n l y  o f  t h e  l o c a l  f l o w  c o n d i t i o n s  i n  t h e  m a i n  
P 1  
s t r e a m  a t  t h e  e d g e  o f  t h e  b o u n d a r y  l a y e r  a n d  a r e  i n d e p e n d e n t  o f  
8 *  
T h e n ,  f o r  t h e  c a s e  o f  s i m p l e - w a v e  s u p e r s o n i c  f l o w ,  w e  c a n  
w r i t e  
6 4 1  	
8
1  	
;  
	 w  
=  
f  ( 0 )  ;  H  =  	 ,  
h ( e )  
	
=  m ( 0 )  . . . . . .  2  .  8 .  
w h e r e  e  i s  t h e  d i r e c t i o n  o f  f l o w  a t  t h e  e d g e  o f  t h e  b o u n d a r y  
l a y e r ,  m e a s u r e d  f r o m  s o m e  d a t u m  d i r e c t i o n .  
E q n .  
2 . 7 .  t h e n  b e c o m e s  
u  	
p
l  
=  	 e  )  
f  ( 0 ) .  	 +  
2  
 u i  
7 5 )  .   
 
2 . 9 .  
p 1  
2  o  u  
m l  
S u b s t i t u t i n g  t h i s  i n t o  t h e  m o m e n t u m  e q u a t i o n ,  w e  h a v e  
u t  	 o 7 1  	
1  a  
n ( e )  f  	 2  / 1 1  1  
	 L .  
+  	
( 1 1 ( 0 )  +  2 )  	
1  +  	 /  
u i  	 =  	 u  	
"  •
( e )  
 "  •  	
r  u  	 - 2 ) ' •  
o r ,  
m u l t i p l y i n g  b o t h  s i d e s  b y  e
i
2  
V  a n d  r e a r r a n g i n g  
2  . 2 ,  	
/  2  . 2  	 1  
u 1  
(T T  ( p
1  
	
+  k  p  	
)  
r I T  
•  2  1  ( h + 2 )  -  
	 f . ; 1 1  	 4  U :
1 1 ) ;  
W e  n o t e  t h a t  t h e  e x p r e s s i o n  i n  t h e  s q u a r e  b r a c k e t s  i n v o l v e s  
o n l y  t h e  f u n c t i o n s  h ,  f  a n d  m  a n d  t h u s  i s ,  i t s e l f ,  a  u n i q u e  
f u n c t i o n  o f  
e ,  
a n d  t i v e  c a n  w r i t e  
2  I ( h + 2 )  - 1  
f m  
b  
=  g ( 0 )  
	
2  
 1 1 .  
( a s  f a r  a s  p o s s i b l e  t h e  n o t a t i o n  o f  r e f .  2 8  i s  u s e d ,  s o  t h a t  a  
d i r e c t  c o m p l i i s o n  w i t h  Y o u n g ' s  m e t h o d  c a n  
b e  m a d e ) .  
/ N o w ,  
•  •  •  
7  
= e 2  12. 
(e)ae 
! dO + C 
-58- 
d 	 oe 
Now, Ts" 	 de 
hence d. 	 _ 
as 	 de 
 
2  12. 
  
de 
where - as = 	 is the curvature of the wall. 
2 To simplify notation we shall write p i • 
Then, using 2.11. and 2.12, eqn. 2.10 becomes 
de - 
1 (7.--) 	 aul _ 41 1P1 
ui de - fM u 	  .10a. 
du 	 1/ 1 P1 Now, both 	 and - ,re unique functions of 0, hence 
u1 de 	 u f 1 
2.10a can be written in the form 
+ J(6) k(0) 	 2.10b. 
(0 dui 	 4tL 1 e l 
where j(0) 	 0 	
1 / 
" 	 de , and k(0) = 777 • 
u 
If the functions f and g are known, together with 
the velocity distribution along the surface, we can integrate 
2.10b by a step-by-step process and obtain the distribution of 
‘2.:./. along the surface, whence 	 , 8 1 and T
w 
can be readily 
evaluated. 
Alternatively, if we express i< , the curvature of the 
surface, as a function of the angle of inclination of the tangent 
to the surface, p, we shall have 
e = const. + 
de = d1.3   2.11. 
(0) 
2.10b can then be integrated to yield 
where C is a constant of integration and we require one 
boundary condition to determine its value. 	 If the flow at the 
leading edge is not supersonic outside the boundary layer, the 
present method does not apply and some other method must be used 
/to determine ... 
- 5 9 -  
t o  d e t e r m i n e  t h e  v a l u e  o f  V  ,  
a t  t h e  s o n i c  p o i n t  a n d  s u p p l y  t h e  
n e c e s s a r y  
b o u n d a r y  c o n d i t i o n .  Y i b e n  t h e  p o t e n t i a l  f l o w  i s  s u p e r -
s o n i c  a t  t h e  l e a d i n g  e d g e ,  w h e r e  0  =  0
L  2  
s a y ,  v i e  m u s e  h a v e  
O L  
=  0  s i n c e  [ u l  
0  
0  a n d  a s  w e  c a n n o t  h a v e  a  f i n i t e  l o s s  
1   
o f  m o m e n t u m  t h e r e ,  
M e  
=  0 .  E q n .  2 . 1 2  t h e n  b e c o m e s  
e ,  	
f ‘ e  
t  '  j ( e ) a c s  
	 j ( o ) d e  
0
L  
	
P e i  	
o  
— 7 1  
=  e  
d O  
1 V
I O L  
 
2   1 2 a ,  
s o  t h a t  
I  V °  	
c 0  
- , 2 s r  j ( 0
) d O   
A A  	
I  j ( 0 ) d 0  
e  	
J O
L  	
1  	
k ( 0  
d e  
— e  
	  
2 . 1 3 .  
1  
	 0 L  
	 • n n n • n • • • n • • 1 1  
3 .  
L a m i n a r  B o u n d a r y  L a y e r  o n  a  C i r c u l a r  A r c  P r o f i l e   
W h e n  t h e  s u r f a c e  i s  a  
c i r c u l a r  a r c ,  t h e  p r e s e n t  m e t h o d  
i s  c o n s i d e r a b l y  s i m p l i f i e d .  
F i r s t ,  w e  n o t e  t h a t  f o r  a  c i r c u l a r  
a r c  p r o f i l e  
g  =  c o n s t a n t  
a n d  t h e  s o l u t i o n  o f  2 . 1 0 1 .  i s  t h e n  
d e  
I  	
o  +  0  
j
a
- 1
1  
K  
w h e r e  C  i s  a g a i n  a  c o n s t a n t  o f  i n t e g r a t i o n .  
R e f e r r i n g  t o  f i g .  3 ,  
l e t  0  b e  t h e  c e n t r e  
o f  c u r v a t u r e  
o f  t h e  t o p  s u r f a c e  o f  a  c i r c u l a r  a r e  p r o f i l e ;  0  i s  t h e  
a n g u l a r  
d i s t a n c e  f r o m  t h e  l e a d i n g  e d g e  a l o n g  t h e  s u r f a c e ,  r  i s  t h e  
r a d i u s  o f  c u r v a t u r e  o f  t h e  s u r f a c e ,  c  i s  t h e  c h o r d  l e n g t h  a n d  
0  i s  t h e  a n g l e  w h i c h  t h e  
d i r e c t i o n  o f  t h e  t a n g e n t  t o  t h e  s u r -
f a c e  m a k e s  w i t h  s o m e  
d a t u m  d i r e c t i o n ;  s u f f i x  1  r e f e r s  t o  
t h e  v a l u e s  
o f  0  a n d  0  a t  s o m e  p o i n t  P  o n  t h e  s u r f a c e .  
W e  
t h e n  h a v e  
0  =  0  +  O L  
 d O  =  d 0  
 
3 2  
  
3 1  
/ w h e r e  
-6o- 
where 0L is the value of 0 at the leading edge. 
- 60 	 _ 180 1 Further, we have #L = as = as _ 	 r 
(0 and 0 measured in degrees). 
To express eqn. 2.11 in a non-dimensional form, we 
introduce the following dimensionless quantities: 
IA- 11 	 $ 	 c r s 
p c R 	 o 	 . 
. 	
(F) 
0 
7 7 
• 
where q is the critical velocity, and the suffices o, 1 and 
s denote the free stream conditions ahead of the aerofoil, the 
main stream conditions at the edge of the boundary layer, and the 
stagnation (reservoir) conditions, respectively. 
2.10b is then transformed into 
d. "7' 
+ 3(0)ji = A 2 E(e) 
where 
	 du 	 1 F1 
f(o) 
_ T r Pse Po uo 1 
5 cR Ps1 	 o 
 
3 
 ii-a• 
 
We note that A 2 is a function ef
e 
and the incidence a 
only and is, therefore, constant along the surface. 
We shall now restrict the solution of 3.4. to the 
case of an attached shock or an expansion at the leading edge, 
so that 1
- 	 0 -(7).1 	 = 0 , as before. 0= 
Solving 3.4. we have 
- 1 r0 1 -1 d0 r 
	
(10 j d0 
= A2 e ° 
	
e t) o 	 a0 
L '41 
	 7. 5• 
If we now let 0 = 0 when M = 1, as is usual when dealing 
with the simple-wave flew relations, we find it convenient to 
define some datum 0D'  0, to avoid the singularity at 0 = 0, 
/Where • • • 
7  
2  	
e
L  
=  A  e  
r  
d o  	
j  d e  
1 e I   
'  e r „  
2  
 e  
0  
d O ,  b y  3 .  2 . ,  
L  
3   6 a .  
3 7  
o r ,  
w h e r e  
K ( 0
1  
 )  
B u t ,  
h e n c e ,  
a n d  
1 . 5 f r  =  
	
1  	
=  
	
8
1  	
=  
[ C ]  =  
A ` -  e  
D  
1 c ( 0 1 )  
0 1  
' 1 0 1  
-  3  
d e  
r
e  
e l  	
J e  
r _  
j  d O  
e  	
d e  
j e
D  
A  J
1 9  
 ( 0
1 ) K  
A  J
o  ( 0 1  )  	 I C  ( 0 1  )  -  K  ( O L )  
- 6 1 -  
d u  
w h e r e  e  
	
-  
E q n .  3 .  5 .  c a n  t h e n  b e  v r r i t t e n .  
   
1 1 0 1  
-  3  d O  
2  J O
B  
 
3  d O  
e  
e  
D  
d e  - 7  
' 1 0  
d . 0  	
k e  	 d e  
e D  
  
=  A  
 
o r ,  
0  
1  
D  
     
        
3 6  
 - :  
d
0  
D  
w h e r e  
	 J
1 ,  ( 0 1  
 )  
=  
P 1  
a n d  J
8  
 ( 6 )  =  H  ,  ( 0 )  J  
1 5 - -  
3   7 a .  
   
F r o m  ° c a n .  2 . 9 .  t h e  l o c a l  s k i n  f r i c t i o n  c o e f f i c i e n t  
c a n  b e  d e t e r m i n e d  a n d  w e  f i n d  t h a t  
2  
C  	 1 2
2  
-  B
.  
L ( 0 ) " 0 -  +  C .  1 , 1 ( 0 )
f P O  U
0  	
1 _ 5 • L  
3 8  
/ w h e r e  
to 
- 	 - p, Til,2  du, 
where 	 L(0) _ ----j- 
	 1 m(0) f(0) 
.. 	 TT 	 I u1 I  p.,  M(e) = .--,cot 	 k.. .. 3.8a. 
I 
I 
1 	 1 Ps1 . c _ 	 4 	 1, B 60 0 = — — 
'X 	 r - 
	 2 	 p 	 ' 	 - - - 
	
H o P M 
	
SO 	 p u 
0 0 	 0 0 
We note that the functions J, K, L anal M do not 
in 	 the aerofoil dimensions and are unique functions of the 
flow direction. Once evaluated, these functions can be used to 
compute I*, 8 1 and cf for any circular are profile, provided 
that the leading edge shocks are attached. 
So far, the method has been quite general and the only 
condition we have imposed on the functions f, h, and m was 
that they must be unique functions of G. 
	 It is now suggested 
that the variation of these functions with the local Mach number 
M1 can be taken to be the same as for a flat plate at zero inci-
dence with the corresponding free stream Mach number M
o 
= M1 . 
We could choose the flat plate solution for which w = cr = 1, to 
be consistent with the coordinato transformation 2.1. but it is 
believed more accurate to use the flat plate solution as given 
by Young in ref. 31. 	 Young obtained. - 
H = 2.59 (1 
	 0.277 1.1)• 
9 -1(1 -17) 
= 9.072 1 	 0.365 (y-1)44uS H2 1 	 ...... 3.9. 
13— 
-11/T 1- P." " 15. - 
o 	
o_t 
so that, taking w = 8/9, a' = 0.72 and y = 1.4, we have 
h(0) = H = 2.59 (1 	 0.277 lei ) 
1 I9 
f(0) ; 8* = 9.072 !I +0.12388 Mj 	 ....3.10. 
9 8/9 
m(e) 	 = 	 0.1697 M1 ) 111 	 j 
Expressions for functions g, k, J, K , L and M then follow 
from their definitions. 
/2,_L-1J'ENDIX 11 ... 
L =  I  p v ( u  d y  v  d x )  +  
C  
P  
d : . -  
P  a Y )  
Y Y  	 Y x  
j  
1  3  
A P P E N D I X  I I  
D E R I V A T I O N   O F  D R A G - E N T R O P Y  
A N D  L I T ' T  
R E I A T I O N S  P R O M  M O M E N T U M  T H E O R E M ;  
V O R T I C I T Y  
T R A N S P O R T  
1 .  
C o n s i d e r  a  t w o - d i m e n s i o n a l  
a e r o f o i l  i n  a  u n i f o r m  s u p e r -
s o n i c  s t r e a m ,  
e n c l o s e d  b y  a  s i m p l e - c o n n e c t e d  b o u n d a r y  C  ( f i g . 2 a ) .  
T h e  m o m e n t u m  t h e o r e m ,  w h i c h  i s  
a  d i r e c t  
c o n s e q u e n c e  o f  N e w t o n ' s  
l a w s  o f  m o t i o n ,  s t a t e s  t h a t :  
F o r c e  e x e r t e d  b y  a  b o d y  o n  f l u i d  
i n  t h e  p o s i t i v e  d i r e c -
t i o n  =  f o r c e  e x e r t e d  b y  t h e  b o u n d a r y  C  o n  t h e  f l u i d  i n s i d e  i t  
i n  t h e  p o s i t i v e  d i r e c t i o n ,  
-  t h e  n e t t  f l a w  o f  m o m e n t u m  a c r o s s  t h e  b o u n d a r y  C ,  
p r o v i d e d  t h e  f l o w  i s  s t e a d y  a n d  b o d y  f o r c e s  n e g l i g i b l e .  T h i s  
c a n  b e  w r i t t e n  
R  = F -  1 p f i
n d s .  g  	
1  1   
w h e r e  	 2  i s  t h e  r e s u l t a n t  v e l o c i t y  v e c t o r  a t  s o m e  p o i n t  P  o n  C ,  
q n  i s  t h e  v e l o c i t y  c o m p o n e n t  n o r m a l  t o  t h e  l e n g t h  o f  
a r c  e l e m e n t  o f  C ,  a n d  
R  i s  t h e  r e s u l t a n t  f o r c e  o n  t h e  b o d y .  
I t  w i l l  b e  e a s i l y  s e e n  f r o m  f i g .  2 a  t h a t  t h i s  r e s u l t s  
i n  t h e  
f o l l o w i n g  
e x p r e s s i o n s  f o r  l i f t  a n d  d r a g :  
D  =  C  p u ( u  d y  	
(  
v  a x )  +  
1  , p
Y x  a x  -  P
x x  
a Y )  
C  
1  
 2 .  
w h e r e  p  
, p
Y x  1 p Y Y  a r e  t h e  s t r e s s  c o m p o n e n t s  g i v e n  i n  t h e  
x x   
c a s e  o f  a  c o m p r e s s i b l e  v i s c o u s  f l u i d  b y  
P x x  =  -  
( p  
 +  3  P ' ( °  +  P  e x x  =  -  ( p  +  3  P L I ‘ ' )  - 1 -  2
P  " ( 5 7 - :; i
c  
y  a  
p
y y  =  -  
( p  +  i  p .  L A  )  +  
p  e
Y Y  	
1 : , --  
=  -  ( p  +  i  p  
e , )  +  2 1 1  1 7
- .  (  1 . 4 .  
‘  
/ w i t h  
( a v  a u \  
	
a u  
X Y  	
0 Y  2  	
d Y  P Y X  =  
P
X Y  =  
o  =  
	
a .  	
,  =  
2 P  	
+  
with 	 D = the static pressure, 
au av 
ax ay 
au av 
ay ax 
, the 'dilation', 
the vorticity, 
El 
	
the coefficient of viscosity. 
2. Entropy-Drag Relation 
Let the boundary C / be a rectangle with its horizon-
tal sides parallel to the free stream direction (fig. 21)) and 
enclosing a two-dimensional aerofoil. AB is taken to be far 
downstream (x =.:- 6) and the sides AD and BC at y mt , and 
y = -2c:J, respectively. 
The following assumptions are now made: 
(i) pressure on AB is equal '4.,o the free stream static 
pressure; 
(ii) velocity on AB has the free stream direction. 
These assumptions rest on the fact, supported by both 
the theory and the experimental evidence, that even immediately 
downstream of the trailing edge shocks, the downwash is very 
small (angle of downwash 	 0 , c.f. ref. 40), and the static 
pressure is very nearly equal to the free stream static pressure. 
Now, on DC dx = 0, v = 4 = 0, u . uo, pp, 
p 	 = - p
o 
; on AD and EC dy = 0, and since at ,-_. .- the shock 
= 
waves become Mach waves, the flow is irrotational and 4 = 0, 
au 	 av 7 . 0, hence p
Yx 
 = 0; on AB dx = 0, ay = 0 by (ii) above, 
au 	 u is at most of the order of - and. -4- 0 as x-4,,,:, , hence lax 	 x  42 p 	 = - p. 
	 The eqn. 1.2. then reduces to 
xx 	 o 
2 D = 	 p ou0 dy put dy puv dx ...2.1. 
   
DC 	 1 ? 	 :I 
since 	 p 0 ds = 0 
C 
Now along AD and BC the flow is isentropic with 
the entropy having its free stream value and since U 0 
di Accepting the usual boundary layer approximations for flow 
in the wake, this also holds on "L. Y, i.e. that part of AB 
which is in the wake. 
- 6 5 -  
v - 4  0  a n d  p  
- 4  
p 0  
a s  	 w e  c a n  w r i t e  
=  U
0  	
L i t
,  v = v ' ,  
p  =  p o  	
p  	 2 . 2 .  
w h e r e  t h e  s u f f i x  o  r e f e r s  t o  t h e  f r e e  s t r e a m  c o n d i t i o n s  a n d  
p  1
,  u ' ,  v ' ,  a r e  t h e  u s u a l  p e r t u r b a t i o n  q u a n t i t i e s  w h o s e  p r o d u c t s  
a n d  p o w e r s  h i g h e r  t h a n  1  c a n  b e  n e g l e c t e d .  T h e n ,  
p u v  =  0  u  v  
o  
a n d  e  q n .  2 . 1  b e  
D  =  	
p  u
2  
a y  - -  	 p u t  
d y  	
p  u  v i a x  
o  
D A - 0 . B
o  
u E C  	
L )  A B  
C o n t i n u i t y  o f  m a s s  f l o w  i n  A B C ]  g i v e s  
0  	
r  
p  u  d y  -  1  p u  a y  =  
	
p o  
v '  a x  	
2 . 3 .  
o  o  
i  D C  	
0  A B  
	 J  D C - C B  
H e n c e ,  s u b s t i t u t i n g  f o r  p o v '  i n  2 . 1 a  w e  h a v e  
,  
D  =  	 p u  ( u - u ) d y  
L i A B  
o r ,  
= p u  ( u o
- u )  a y  +  	
p u  ( u
o
- u )  d y  	 2 ,  5 .  
/ . )  
A B - V T  
w h e r e  W  d e n o t e s  i n t e g r a t i o n  a c r o s s  t h e  w a k e .  
I n  t h e  c a s e  o f  i n c o m p r e s s i b l e  f l o w ,  o r  s h o c k - f r e e  
c o m p r e s s i b l e  f l o w ,  u  =  u o  
a t  i n f i n i t y  o u t s i d e  t h e  w a k e ,  a n d  
2 . 5 .  r e d u c e s  t o  t h e  f a m i l i a r  e x p r e s s i o n  f o r  t h e  p r o f i l e  d r a g  
o f  a n  a e r o f o i l . -  
p  u  ( u  
	
) d y  
c x . ,  	
0  	 i 7 . ? ,  
w h e r e  '  d e n o t e s  c o n d i t i o n s  o n  A B  
( X .  =  ( x . )  	
T h i s  i m p l i e s  
t h a t  t h e  f i r s t  i n t e g r a l  i n  2 . 5 .  g i v e s  t h e  w a v e  d r a g  o f  t h e  
a e r o f o i l  i n  s u p e r s o n i c  f l o w ,  i . e .  
D w  =  
	
p u  ( u  
o
- u  
	
2 . 7 .  
,  
/ w h e r e  . . .  
2  ) 1 _  
D  
2 6  
-66- 
where 	 (41) - !.:x..") indicates integration excluding the wake. 
-We shall now assume that viscosity in the main stream 
is negligible, and that there is no heat transfer. The equa-
tion of energy is then 
2 	 y 	 z 2 q + 	 . 	 const. = J 0 
	
y-1 	 p 	 p T  so 
so that for conditions on DC and AB we have (ouside the wake): 
1 u' + -I.- -2 - '' ' .Y- 12.2 = J C T  z u + 0 	 P 	 0 
o y-1 p
o 	
y-1 p 	 p so 
	
dropping the suffix 	 and remembering that u and p refer to 
conditions at x = ,71.J. 
feeD11 2$84 
2. 8. yields !Ili- =%. (k+1) 	 k f2. 	 where 
O 
   
11. 2 09 0 
Y- i^t2  
O 
Fran 2.7. 
1‘. 
D  
V7 	 _ELI ili _ 2_121 a Ll C D _ 1_ 	 9 	 = 2 ,_ 	 p 0 U0 ‘, 	 Uo) " 14,C) V7 	 2 P OU0 C 	 S.) ,''')=-'  (71) -or, 	 ' 
	
 7. 1 0. 
Substituting 2. 9 into 2.10 and rearranging, we have 
r 
= 2 	
k 
p (k+1 
2 
+ I (k+1) ' 44- - k 2-1 d
Y k Poi 	 Pc_ 
.. 	 2  11 
where 5 = y/c. 
Now, along a streamline the change of entropy between 
LC and AB is 
AS S - So = Cp 	 log Pi.: so) 
\ 31/ 
	 2.12. 
But pso 
ps1 	 1.2o 
- 1 jy -1 
( 13 0 Y 
P 
- 	 "CA' - 1 1 p f 
= 
\P 
as 
= pof 
Hence 	 S = - C log 
Po) 
or, 2-- = e 	 p 
Po 
 
2  13. 
 
/Substituting ... 
2  1 4 .  
C
D  
 =  2  
- L S / b  	
- 6 S / b  	 - 4 5 / 0  
k -  ( k + 1 ) e  
	 P i . . / ( k
+ 1 ) e  	 P - k e -  •  •  	 P  
0 1 0 ( W ) : T x 2  
s u b s t i t u t i n g  t h i s  h i s  i n t o  2 . 1 1 ,  w e  g e t  
E q n .  2 . 1 4 .  r e l a t e s  t h e  p r e s s u r e  d r a g  o f  a  s u p e r s o n i c  a e r o f o i l  t o  
t h e  e n t r o p y  c h a n g e  a c r o s s  t h e  s h o c k  s y s t e m  a s s o c i a t e d  w i t h  t h e  
a e r o f o i l .  F o r  t h i n  a e r o f o i l s  a t  s m a l l  i n c i d e n c e s  a n d  m o d e r a t e  
s u p e r s o n i c  E a c h  n u m b e r s ,  a s  w i l l ,  i n  g e n e r a l  b e  s m a l l  a n d  w e  
c a n  s i m p l i f y  t h e  a b o v e  r e l a t i o n  
a n d  n e g l e c t i n g  p o w e r s  
2 . 1 4  t h e n  r e d u c e s  t o  
c o n s i d e r a b l y  b y  e x p a n d i n g  
A  
o f  	
S  
d =  g r e a t e r  t h a n  1 .  E q n .  
	
A S  
a
-  	
2  	
6  s  
d  
 ( z )  
c
D  
=  k  	
Y  	
\ , C  
o ( W ) - 4 > c ,  	
1  
w  	
( y - 1 )  1 V 1 2  
! . p s A v o - j  
r ,  
 
2   1 5 ,  
 
o r  	
C  	
2  	
1  	
( s - s  } a  f r ]  
	 2 . 1 5 a .  
C  	
0  
D
w  ( y
- 1 )
1 4
0  
P  
i . e . ,  t h e  p r e s s u r e  d r a g  o f  a  s u p e r s o n i c  a e r o f o i l  i s  a p p r o x i m a t e l y  
p r o p o r t i o n a l  t o  t h e  i n t e g r a l  o f  e n t r o p y  r o u n d  t h e  a e r o f o i l .  T h i s  
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- 4
2
,  b u t  a l s o  
f o r  f i n i t e  y  a t  x  = C ' ,  f o r  t h e n  
p u  ( u  - u )  	 -  p  u  
o
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/ a  r e c t a n g u l a r  . . .  
a rectangular boundary C 2, as shown in fig. 2c. FA is not 
necessarily far downstream, so that GP and HA are at finite 
distances from the aerofoil. 
On PA dx = O. FGHA lies in the undisturbed uni- 
form stream, hence in eqn. 1.3. 
	
= 0 , and 1.3 reduces to 
t.) FGHA. 
L = - j (puv -pyx)dy = IL2 (puv-2p. 	 — ay 
t, AF 
PX,) dy 3.1. 
If the viscosity caa be neglected outside the wake, 3.1. yields 
= 	 puv dy 
AC,DF 
P tr 
,
.
.TrAke 
 
')• 
 
since in the wake 2 p au = 2p. 4 
The first term in 3.2 is the result obtained for inviscid flow 
in ref. 36. The second term can be shown to be either soro or 
negligibly small by the following argument. 
Integrating the second term of 3.2 and applying the 
mean value theorem 
- 1 P. 	 4Y = I 	
7Y" 
8u dy = 	 du = p.m (up - 120) 4 
t.) 
 
3 
 2a. 
 
where µm is a mean value of p in the wake, and u p , u0 are 
the velocities just outside the wake, below and above it. 	 If 
the wake is symmetrical, up = 110 and = O. 	 If it is not 
symmetrical, we can estimate the order of magnitude of L p dy 
as follows. 	 From 2.9 the velocity far downstream is, outside 
the wake 
u = 	 - 	 u. 
Hence, to first order of /.\ S/C p 
CS  = 1 - 	 ( 0 1 - 	 k (S-So} u
o 
so that 
where 
u k 
S 
L 
in entropy 
u k  0 
- 	 2 
f\S 
P 
= 2C 
22:,S7 = the difference between 
Cp  
the stream- 
lines just outside the wake. 
/The 
0  0  
p i t
c  
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p '  +  p o  u o  u '  =  0  	
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o
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L  -  
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3 . 5 .  
N o w  v ' d y  +  u ' d x  =  
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a n d  
L  =  p  u  11 - 1  
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/ w h o r e  
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where To is the circulation round C (in the clockwise sense). 
Thus, in supersonic flow the lift-circulation theorem is true to 
the first order only, i.e. if the flow outside the wake is ass-
umed isentropic. The same result was obtained by Lighthill in 
ref. 36, by considering pressure distribution on a two-dimensional 
supersonic aerofoil as given by the linearised theory. 
Relation 3.6. can also be deduced directly from 
Temple's result for compressible subsonic flow (ref. 38), as 
neglecting changes of entropy amounts to treating the flow as 
isentropic. There is, however, one important difference in the 
argument - Temple shows that by expanding the boundary C to 
;,Le relation L = p ouo rc becomes exact for the sub-
sonic compreesible case, as the terms neglected in the exact 
momentum equation are of the order of 1/r, where r is the 
distance from the aerofoil. This is not longer true for the 
supersonic case with shock waves present, since the change of 
entropy along the streamlines is independent of x, the distance 
downstream of the aerofoil, and does not become zero as x-4 oe , „ 
The terms in the momentum equatlon which depend on entropy are, 
in general, Q 	 and as one cannot have y =‘;‘,._. everywhere 
Yn 
on C, the relation 3.6. does not become exact even at infinity. 
/A1=1-h7CDIX III .., 
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and A. is the determinant D with its j t column replaced 
by 
k ' k = 1 , 2 , y *.., n 
Considering the lower surface only, the force coeffic-
ients are (eqns. 2.3.4 and 2.3.5) 
t pdf 
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(10 c ! 
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CY e 
	 c 
= 	 ; (cos p, cos 0 	 sin 	 sin 0) 	 (1 i 	 70o-o 
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T a b l e  
T .  
L a m i n a r  B o u n d a r y  L a y e r  
F u n c t i o n s  
6  
m ( 6 )  
f ( 6 )  	
h . ( 0 )  	
1 i  
3 ( 0 )  
2 - .  
l o  
k o )  
K ( e )  
L ( 6 )  m ( e )  
o  
1 . 1 5 0  
9 . 1 9 1  5
. 3 0 7  5 . 8 6 4  
. 0 9 4 6 1  
1  1 . 1 7 0  
9 . 2 0 6  
3 . 4 2 9  
. 3 0 6 4  
5 . 0 1 4  
. 2 5 5 9  
. 0 9 6 3 3  
2  
1 . 1 9 1  
9 . 2 1 8  
3 . 5 1 0  
. 2 4 1 6  
4 . 5 1 6  
. 2 0 7 8  
. 0 9 7 9 4  
3  
1 . 2 0 6  
9 . 2 3 1  
3 , 5 8 4  
. 2 0 9 8  
4 . 1 4 2  
. 1 8 4 3  . 0 9 9 4 2  
4  
1 . 2 2 1  
9 . 2 4 3  
3 . 6 5 5  
. 1 8 9 5  3 . 3 3 0  
. 1 6 3 4  
. 1 0 0 6  
5  1 . 2 3 5  
9 . 2 5 3  
3 . 7 2 3  
. 1 7 5 3  
3 . 5 5 4  
1 . 9 8 6  0  
. 1 5 8 4  
. 1 0 1 6  
6  
1 . 2 4 8  
9 . 2 6 3  
3 . 7 9 1  
. 1 6 4 4  
3 . 3 0 7  
1 . 8 9 0  
. 0 3 7 4  
. 1 4 9 7  
. 1 0 2 4  
7  1 . 2 6 7  
9 . 2 7 4  3 . 8 5 7  . 1 5 6 0  
3 . 0 7 1  
1 . 8 1 0  
. 0 7 6 4  
. 1 4 2 6  
. 1 0 3 2  
8  1 . 2 7 6  
9 . 2 3 4  
3 . 9 2 9  
. 1 4 8 5  
2 . 8 8 4  
1 . 7 3 9  
. 1 2 2 7  
. 1 3 6 7  
. 1 0 3 8  
9  1 . 2 9 1  
9 . 2 9 4  
3 . 9 9 5  . 1 4 2 5  
2 . 6 9 7  
1 . 6 7 7  
. 1 7 1 1  . 1 3 1 6  
. 1 0 4 2  
1 0  
1 . 3 0 5  
9 . 3 0 4  
4 . 0 6 8  
. 1 3 7 2  
2 . 5 2 4  
1 , 6 2 0  
. 2 2 3 2  
. 1 2 6 3  
. 1 0 4 6  
1 1  1 . 3 2 4 .  
9 . 3 1 4  
4 . 1 4 4  
. 1 3 2 6  
2 . 3 5 8  
1 . 5 6 9  
. 2 7 7 0  
. 1 2 2 5  
. 1 0 4 9  
1 2  
1 . 3 3 5  
9 . 3 2 4  
4 . 2 1 0  
. 1 2 8 6  
2 . 2 1 8  
1 . 5 2 3  
. 3 3 8 7  
. 1 1 8 7  
. 1 0 5 2  
1 3  
1 . 3 4 9  
9 . 3 3 4  
4 . 2 8 1  
. 1 2 5 2  
2 . 0 8 1  
1 . 4 8 1  
. 4 0 2 4  
. 1 1 4 8  
. 1 0 5 4
.  
1 4 .  
1 . 3 6 5  
9 . 3 4 5  
4 . 3 6 2  . 1 2 2 1  
1 . 9 5 1  
1 . 4 4 2  
. 4 7 0 1  
. 1 1 1 2  
. 1 0 5 5  
1 5  
1 . 3 8 0  
9 . 3 5 6  4 . 4 3 9  
. 1 1 9 3  
1 . 8 3 2  
1 . 4 0 7  
. 5 4 1 9  
. 1 0 8 0  
. 1 0 9 6  
1 6  
1 . 3 9 6  
9 . 3 6 6  
4 . 5 1 7  
. 1 1 6 7  
1 . 7 1 8  
1 . 3 7 3  
. 6 1 7 6  
. 1 0 4 9  
. 1 0 5 5  
1 7  
1 . 4 1 3  
9 . 3 7 7  4 . 5 9 8  
. 1 1 4 3  
1 . 6 1 1  
1 . 3 4 7  
. 6 9 7 7  . 1 0 1 9  
. 1 0 5 4  
1 8  
1 . 4 2 9  
9 . 3 8 8  
4 . 6 8 1  
. 1 1 2 1  
1 . 5 1 2  
1 . 3 2 0  
. 7 8 1 3  
. 0 9 8 8 3  
. 1 0 5 2  
1 9  
1 . 4 4 5  9 . 4 . 1 0  
4 . 7 6 5  
. 1 1 0 2  
1 . 4 2 0  
1 . 2 9  6  
. 8 7 0 1  
. 0 9 5 9 3  
. 1 0 5 0  
2 0  
1 . 4 6 3  
9 . 4 2 2  
4 . 8 5 0  
. 1 0 8 4  
1 . 3 3 3  
1 . 2 7 5  . 9 6 2 5  
. 0 9 3 2 5  
. 1 0 4 8  
2 1  
1 . 4 . 8 1  
9 . 4 3 4  
4 . 9 4 1  
. 1 0 6 8  
1 , 2 4 9  
1 . 2 5 4  
1 . 0 5 9  . 0 9 0 3 3  . 1 0 4 5  
2 2  
1 . 5 0 6  
9 . 4 4 6  5 . 0 3 2  
. 1 0 5 4  
1 . 1 7 2  
1 . 2 3 6  
1 . 1 6 0  
. 0 8 8 3 2  
. 1
0
4 1  
2 3  
1 . 5 1 8  
9 . 4 5 8  5 . 1 2 6  
. 1 0 4 0  
1 . 0 9 9  
1 . 2 1 9  
1 . 2 6 5  
. 0 8 5 6 8  
. 1 0 3 7  
2 4  
1 . 5 3 7  
9 . 4 7 0  
5 , 2 2 2  
. 1 0 2 7  
1 . 0 3 0  
1 . 2 0 4  
1 . 3 7 4  . 0 8 3 1 9  
. 1 0 3 3  
2 5  
1 . 5 5 3  9 . 4 . 8 2  
5 . 3 2 1  
. 1 0 1 4  
. 9 6 4 7  1 , 1 9 0  
1 . 4 8 7  
. 0 8 0 6 1  
. 1 0 2 8  
2 6  
1 . 5 7 8  9 . 4 8 2  
5 . 4 2 2  
. 1 0 0 2  
. 9 0 3 3  
1 . 1 7 7  
1 . 6 0 4  
. 0 7 8 3 1  
. 1 0 2 3  
2 7  
1 . 5 9 8  
9 . 4 9 5  
5 . 5 2 7  
, 0 9 9 2  . 8 4 5 0  
1 . 1 6 7  
1 . 7 2 6  
. 0 7 6 0 2  
. 1 0 1 7  
2 8  
1 . 6 1 9  
9 . 5 0 8  
5 . 6 3 5  
. 0 9 8 3  
. 7 9 0 0  
1 . 1 5 7  
1 . 8 5 1  
. 0 7 3 7 6  
. 1 0 1 1  
2 9  
1 . 6 4 1  
9 . 5 2 1  
5 . 7 4 5  
. 0 9 7 4  
. 7 3 9 1  1 . 1 4 8  
1 . 9 8 0  
. 0 7 1 5 3  
. 1 0 0 4 .  
3 0  
1 . 6 6 3  
9 . 5 3 5  
5 . 8 5 9  . 0 9 6 5  
. 6 9 1 2  
1 . 1 4 0  
2 . 1 1 3  
. 0 6 9 3 2  
. 0 9 9 7 5  
3 1  
1 . 6 8 7  
9 . 5 4 9  
5 . 9 7 6  
. 0 9 5 7  
. 6 4 4 7  
1 . 1 3 5  
2 . 2 5 0  
. 0 6 7 1 6  
. 0 9 9 0 0  
3 2  1 . 7 1 1  9 . 5 6 2  
6 . 0 9 8  
. 0 9 5 1  
. 6 0 2 6  
1 . 1 3 0  
2 . 3 9 1  
. 0 6 5 1 4  
. 0 9 8 2 4  
3 3  
1 . 7 3 5  
9 . 5 7 6  
6 . 2 2 2  
. 0 9 4 5  
. 5 6 2 6  
1 . 1 2 5  
2 . 5 3 5  
. 0 6 3 0 5  
. 0 9 7 4 2  
3 4  
1 . 7 6 0  
9 . 5 9 1  
6 . 3 5 1  
. 0 9 3 9  
. 5 2 4 6  
1 . 1 2 2  
2 . 6 8 3  
. 0 6 1 1 0  
. 0 9 6 6 0  
3 5  1 . 7 9 1  
9 . 6 0 5  
6 . 4 6 3  
. 0 9 3 2  
. 4 9 0 0  
1 . 1 2 0  
2 . 8 3 4 4 .  
. 0 5 9 1 9  
. 0 9 5 7 1  
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/ e 	 m(o) 	 f(e) h(o) ::z 3(e) lo 2- 
 ko) .7(e) K(e) 
	 L(e) 	 m(e) 
36 1.812 9.620 6.620 .0929 
.4555 1.119 2.989 .05707 .09487 
37 1.841 9.636 6.762 .0924 .4236 1.119 3.147 .05519 .09389 
38 1.869 9.65o 6.908 .0920 .3938 1.120 3.307 .05331 .09294 
39 1.898 9.666 7.058 .0918 .3663 1.121 3.471 .05149 .09196 
40 1.928 9.683 7.214 .0913 .3402 1.123 3.639 .04966 .09099 
41 1.959 9.700 7.375 .0911 .3150 1.127 3.809 .04800 .08994. 
42 1.991 9.716 7.536 .0909 .2924 1.131 3.983 .04617 .08083 
43 2. 024 9.734 7.714 .0907 .2710 1.136 4.157 3 .04)) .08775 
44 2.059 9.751 7.892 .0905 .2506 1.142 4.334 .04264 .08660 
45 2. 094- 9.769 3.077 .0903 .2318 1.14.9 4.512 .04.119 .08551 
46 2.130 9.787 8.268 .0903 .2141 1.157 4.695 .03962 .08430 
47 2.169 9.806 8.466 .0902 .1976 1.166 4.878 .03809 .00311 
48 2.207 9.825 8.672 .0902 .1 822 1.176 5.064 .03656 .08190 
49 2.24-8 9.843 8.885 .0902 .1686 1. 1 U8 5.248 .03506 . 080 68 
5o 2.290 9.864 9.116 .0902 .1545 1.200 5.434 .03363 .07945 
For the definitions of the above functions see the Appendix Z. 
/TABLE II .,. 
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T a b l e  1 1 .  F u n c t i o n s  o f  t h e  M o d i f i e d  P o h l h a u s e n   P a r a m e t e r  ? \  u s e d  i n  
H o w a r t h ' s  A p p r o x i m a t e  M e t h o d  f o r  L a m i n a r  B o u n d a r y  L a y e r s   
i n  C o m p r e s s i b l e  F l o w  
g W  	 h i L /  	
k  	
A i ) 1  
0  
3 4 . 0 5  
6 . 8 1 1  0  
7 . 2  	
- . 8 3 1 0  
2 4 , 8 1  
1 1 . 3 5  
0 . 2  
3 3 . 0 0  7 . 0 4 1  
. 2 0 0 6  
7 . 4  	
- 1 . 9 9 2  2 6 . 0 4  
1 2 . 0 1  
0 . 4  
3 1 . 9 4  7 . 2 7 6  
. 4 0 3 2  
7 . 6  	
- 3 . 2 0 1  2 7 . 3 3  
1 2 . 7 5  
0 . 6  
3 0 . 9 1  7 . 5 1 8  
. 6 0 7 5  
7 .  	 - 4 . 4 6 2  
2 8 . 7 4  
1 3 . 5 2  
0 . 8  
2 9 . 8 9  
7 . 7 6 8  . 8 1 3 8  
6 . 0  	
- 5 . 8 0 0  
3 0 . 4 4  
1 4 . 3 6  
1 . 0  
2 8 . 8 8  
8 . 0 2 6  
1 . 0 2 3  
1 . 2  
2 7 . 9 8  8 . 2 9 1  
1 . 2 3 4  
8 . 2  	
- 7 . 1 9 1  
3 2 . 0 1  
1 5 . 2 9  
1 . 4  
2 6 . 9 0  
8 . 5 6 5  
1 . 4 8  
8 . 4  	
- 8 . 6 8 2  
3 4 . 1 5  1 6 . 3 1  
1 . 6  
2 5 . 9 3  
8 . 8 4 9  
1 . 6 6 5  
8 . 6  	
- 1 0 . 2 8  
3 6 . 3 3  
1 7 . 4 5  
1 . 8  
2 4 . 9 6  
9 . 1 4 0  
1 . 8 3 6  
8 . 8  	
- 1 2 . 0 1  
3 8 . 7 7  
1 8 . 7 1  
2 . 0  
2 4 . 0 0  
9 . 4 4 2  
2 . 1 1 0  
9 . 0  	
- 1 3 . 8 8  
4 1 . 5 3  
2 0 . 1 4  
2 . 2  
2 3 . 0 5  9 . 7 5 6  
2 . 3 3 9  9 . 2  	
- 1 5 . 9 6  
4 4 . 7 0  
2 1 .
7 7  
2 . 4  
2 2 . 1 1  1 0 . 0 8  
2 . 5 7 1  
9 . 4  
	
- 1 8 . 2 5  
4 8 .  
2 3 .
6 2  
2 . 6  2 1 . 1 8  
1 0 . 3 1  2 . 8 0 9  
9 . 6  	
- 2 0 . 8 4  
5 2 . 5 2  
2 5 . 7 7  
2 . 8  2 0 . 2 5  
1 0 . 7 7  
3 . 0 5 2  
9 . 8  
	
- 2 3 . 8 1  
5 7 . 5 0  
2 8 . 3 0  
3 . 0  
1 9 . 4 0  
1 1 . 1 3  
3 . 3 0 2  
1 0 . 0  	 - 2 7 . 2 5  
6 3 . 4 7  
3 1 . 3 3  
3 . 2  
1 8 . 4 1  
1 1 . 5 0  
3 . 5 5 5  
1 0 . 1  	
- 2 9 . 1 6  
6 6 . 7 8  
3 3 . 0 1  
3 . 4  
1 7 . 5 0  
1 1 . 9 0  
3 . 3 1 7  
1 0 . 2  
	
- 3 1 . 3 7  
7 0 . 7 4  3 5 . 0 1  
3 . 6  
1 6 . 5 9  1 2 . 3 1  
4 . 0 8 6  
1 0 . 3  	
- 3 3 . 7 2  
7 5 . 0 2  
3 7 . 1 7  
3 . 8  
1 5 . 6 7  
1 2 . 7 3  
4 . 3 6 2  
1 0 . 4  
	
- 3 6 . 3 7  
7 9 . 8 3  
3 9 . 5 9  
4 . 0  
1 4 . 7 6  
1 3 . 1 7  
4 . 6 4 6  
1 0 . 5  	 - 3 9 . 3 3  
8 5 . 2 7  
4 2 . 3 3  
4 . 2  
1 3 . 3 6  
1 3 . 6 4  
4 . 9 4 . 2  
1 0 . 6  	
- 4 1 7 . 6 6  
9 1 .
4 9  
4 5 . 4 7  
4 . 4  
1 2 . 9 4 .  
1 4 . 1
3  
5 . 2 4 6  
1 0 . 7  
	
- 4 6 . 4 6  
9 8 . 6 6  
4 9 . 0 7  
4 . 6  
1 2 . 0 3  
1 4 . 6 4 .  
5 . 5 6 2  
1 0 . 3  	 - 5 0 . 8 8  
1 0 7 . 0  
5 3 . 2 7  
4 . 8  
1 1 . 1 2  
1 5 . 1 8  
5 . 8 9 0  
1 0 . 9  	
- 5 6 . 0 5  
1 1 6 . 9  
5 8 . 2 3  
5 . 0  
1 0 . 1 9  
1 5 . 7 1 , -  
6 . 2 3 0  
1 1 . 0  	
- 6 2 . 2 0  
1 2 8 . 8  
6 5 . 2 8  
5 . 2  9 . 3 4 5  
1 6 . 3 4  
6 . 5 8 6  
1 1 . 1  	
- 6 9 . 6 6  
1 4 3 , 2  
7 1 . 4 4  
5 . 4  
8 . 3 2 9  1 6 . 9 7  
6 . 9 5 7  
1 1 . 2  	
- 7 3 . 9 3  
1 6 1 . 3  
3 0 . 4 9  
5 . 6  
7 . 3 6 4  
1 7
. 6 4 .  
7 .
3 4 5  
1 1 . 3  
	
- 9 0 . 7 7  
1 3 4 . 6  
9 2 . 1 5  
5 . 8  
6 . 4 2 6  
1 8 . 3 4  
7 . 7 5 3  
1 1 . 4  - 1 0 6 . 5  
2 1 5 . 6  
1 0 7 . 7  
6 . 0  
5 . 4 5 0  
1 9 . 0 9  
8 . 1 8 2  
1 1 . 5  - 1 2 8 . 4 0  
2 5 9 . 0  
1 2 9 . 4 .  
6 . 2  
4 . 4 7 2  
1 9 . 8 9  
8 .
6 3 7  
1 2 . 0  	 -  0 0  
. a e . )  
C A ;  
6 . 4  
3 . 4 6 1  
2 0 . 7 4  
9 . 1 1 2  
6 . 6  
2 . 4 3 0  
2 1 . 0 2  
9 . 6 0 7  
6 . 8  
1 . 3 6 9  
2 2 . 6 3  
1 0 . 1 6  
7 . 0  
. 2 3 9 5  
2 3 .
6 7  
1 0 . 7 4 .  
T h e  a b o v e  f u n c t i o n s  a r e  d e f i n e d  a s  ( r e f .  2 7 ) :  
151 20 - 2784\ 79 ,N\2 
g 0\) 
(1 2 	 ( 37 + 
k (,\) = 
	 Y 	 () 
ei0 = 	 \2  hC\) 
8+  3  where 	 h ( _ 9 5 (12- ) (37 + 
j()) = 	 j008 	 63 %\`  
(12- h) (37 + 
Table III. SuE2mt.lr._._y of rzesufoxti-12Ip per cent  s metrical 
Circular Lrc Profile at iI
o 
= 2. 1,3 and R
o 
= 0.64 x 106 
{a) Force and moment coefficients frm inyiscid theory (shock- 
expansion) 
a° CL CD 
w 
Gil L/D )7. 
c.p. 1 1  O
 -± 
	
0 ,-- 
0 .0283 0 0 - 
0.1521 .0390 .0G45 3.90 .417 	 1 
0. 3089 .074u .1330 4.13 .418 
0.39 30 .1004 .1 691 3.91 .41 8 
At a = 10 °, the linear theory gives 
CL = 0.3710, CD = 0.0950, Cm = .0175, 3‹C.11. = 0.50 
(b) Increments due 'co the boundary layer disaacement thickness  
r 
a 0 4 3 10 
01a 0 .00029 .00047 .00054 
/10D .000436 .000528 .000531 . 000 641 
I- f -5 1 Om and nsi 	 are negligible , 
c.p. 
Skin friction cir2.L coefficif.:nt 
a 0 4 ,-. (., 
--- 	 r 
10 
CD . 00461 . 00460 . 00460 . 00465 
f 
-a 
/(c) 
( e )  
I n c r e m e n t s  
d u o  t o  2 2 2 2 1 2 t i e n  
4 _ C
L  
4 : 1  C
D  
L I ,'  C
m  
. ,  
	
C i f  
x  
o .  p .  
0  
0  
- . 0 0 2 8 4  
0  
- . 0 0 0 2 6  
4  
-
. 0 1 8 9  
- . 0 0 4 2 6  
- . 0 1 6 9 2  
- . 0 0 0 3 4  
- . 0 3 2  
3  
- . 0 2 4 1  
- . 0 0 6 9 6  
- . 0 2 1 6 7  
- . 0 0 0 4 2  
- . 0 3 9  
1 0  
- . 0 2 6 7  
- . 0 0 8 4 5  
- . 0 2 2 9 4  
- . 0 0 0 4 3  
- . 0 6 5  
( d )  N e t t  
c a l c u l a t e d  
v a l u e s  o f  t h e  c o e f f i c i e n t s  
C u  
C  
T . i  
C
D  
C m  
L / D  
-  
0
 
0  
. 0 3 0 8  
0  
0  
. 1 3 3 5  
. 0 3 9 5  
. 0 4 7 6  
3 . 4 5  
. 3 5 0  
H  
8  
. 2 8 5 3  
. 0 7 2 6  
. 1 1 1 3  
3 . 9 0  
. 3 8 0  	
;  
1 0  
. 3 6 6 8  
. 0 9 6 0  
. 1 4 6 2  
3 . 7 7  
 . 3 8 7  
( e )  
. a v e r a g e d  e x p e r i m e n t a l  
 v a l u e s  ( P e r r i  r e f . 4  -  f o r c e  m e a s u r e -
m e n t s )  
7  
a .  
C L  
C
D  
C  
M  
0  
- . 0 0 5  
. 0 3 5 6  
. 0 0 5  
4  
+ . 1 2 3  
. 0
4 3 6  
. 0 3 9 5  
0  
. 2 6 2  
. 0 7 4 8  
. 0 9 8 5  
1 0  
. 3 2 9  
. 0 9 8 2  
. 1 3 0  
5  
( 0  
C o m p a r i s o n  
o f  
e x T e r i m e n t a l  
a n d  
c a l c u l a t e d  
r e s u l t s  a t  
a .  =  
C
L  1 7  
_  C _  
I t  
x  
c .  p .  
E x p e r i f l e n t  
•  
( a v e r a g e )  
. 3 2 9  
. 0 9 8 2  
. 1 3 0  
3 . 3 5  
. 3 7  
S h o c k - e x p a n s i o n  
t h A n r y  
. 3 9 3 0  
. 1 0 0 4  
. 1 6 9 1  
3 . 9 1  
. 4 1 3  
7  d i f f e r e n c e  
,  
1 9 . 4  
2 . 3  
3 0 . 0  
 1 6 . 7  
1 3 . 0  
•  
L i n e a l '  t h e o r y  
. 3 7 1 0  
. 0 9 3 0  
. 1 7 5  
3 . 9 9  
. 5 0  
) ,
,  d i f f e r e n c e  
1 2 . 7  
- 5 . 3  
3 4 . 6  
1 9 . 0  
3 5 . 0  
P r e s e n t  m e t h o d  
. 3 6 7  
. 0 9 6 3  
. 1 4 6 2  
3 . 7 7  
. 3 8 7  
X  d i f f e r e n c e  
1 1 . 5  
- 1 . 5  
1 2 . 5  
1 2 . 5  
4 . 5  
/ T a b l e  T V - ( a )  
a 
pressure distribution 
force measurements 
8 	 10  
. 291 	 .362 
.262 
.139 
.123 
if 
.392 
pressure distribution 
force measurements 	 .0395 
.111 	 .148 
. 099 	 .430 
CM 
.04E2 
(i) Lift 
0L  
Table IV(a). Ccn]parison of pressure and force  measurements 
of ref. if 
Table IV(b) Pitchinspomont coefficients at )ositive and ne ative 
angles of incidence (rof.4)  
1:0 C i 
10 
13.0 -10.8 10.0 -9.7 
6 -6 
7.3 -6. 
a. ..1 1. 2 	 i 	 -2 	 1 	 0 (-0) 
100 C1 
' 
L.1 -3.C, 1.8 	 1-1.4 0.4 -0.2 
Table V .Comparison of calculated results with those interpolated 
from ref. 10  
a if 8 10 
Interpolated 
Calculated 
0.141 
0.134 
0.291 
0.285 
0.367 
0.367 
(ii) Drag 
CD 	 interpolated from ref. 10 yr 
= 0.0263 (at a = 0 0) 
allowance for skin friction = 0.0045,.. (see tables HIM 
and (c) 	 ) 
0.0309 
Calculated 	 CD 	 (total) = 0.0303 
(  A )  
I N V I S C I D  
C O R R E S P O N D I N G  S T R E A M L I N E  
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FIG . 24. IA C .A. PROFILE- COMPARISON OF THEORY 
AND EXPERIMENT M = 2.13 R.= 0.64x106 
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